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❞❡❢
== −∆ψ − 2i
d∑
j=1
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d, ✭✶✳✶✮
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d∑
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✭e−iωt✮ ❛❝♦✉st✐❝ ♣r❡ss✉r❡ ψ ✐♥ ❛ ♠♦✈✐♥❣ ✢✉✐❞✱ s❡❡✱ ❡✳❣✳✱ ❘❡❢s✳ ❬❘❲❪✱ ❬❘❊❪✳ ■♥ t❤✐s
s❡tt✐♥❣
E =
(
ω
c0
)2
, Aj(x) =
ω
c0
uj(x), V (x) =
(
1− n2(x)
)( ω
c0
)2
,
✷
✇❤❡r❡ j = 1✱ ✳ ✳ ✳ ✱ d✱ c0 ✐s ❛ r❡❢❡r❡♥❝❡ s♦✉♥❞ s♣❡❡❞✱ n ✐s ❛ s❝❛❧❛r ✐♥❞❡① ♦❢ r❡❢r❛❝t✐♦♥✱
u = (u1, . . . , ud) ✐s ❛ ♥♦r♠❛❧✐③❡❞ ✢✉✐❞ ✈❡❧♦❝✐t② ✈❡❝t♦r✳
■♥ ❛❞❞✐t✐♦♥✱ ❢♦r n ≥ 2✱ d = 2✱ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❛r✐s❡s ❛s ❛ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡
♠♦❞❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ t✐♠❡✲❤❛r♠♦♥✐❝ ❛❝♦✉st✐❝ ♣r❡ss✉r❡ ψ ✐♥ ❛ ♠♦✈✐♥❣ ✢✉✐❞
✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝②❧✐♥❞r✐❝❛❧ ❞♦♠❛✐♥ ♦❢ ✜♥✐t❡ ❤❡✐❣❤t ❛♥❞ ✇✐t❤ ❜❛s❡ D✱ s❡❡
❘❡❢✳ ❬❇❇❙❪✳
❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐♥ t❤❡ ❡♥t✐r❡ s♣❛❝❡✿
Lψ ≡ −∆ψ − 2i
d∑
j=1
Aj(x)∂xjψ + V (x)ψ = Eψ, x ∈ R
d, ✭✶✳✼✮
✇❤❡r❡ A1✱ ✳ ✳ ✳ ✱ Ad✱ V ❛r❡ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r Mn(C)✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ✇✐t❤ s✉❢✲
✜❝✐❡♥t ❞❡❝❛② ❛t ✐♥✜♥✐t②✳
❚❤❡r❡ ❛r❡ s❝❛tt❡r✐♥❣ ❢✉♥❝t✐♦♥s ψ+✱ f ❛♥❞ ❋❛❞❞❡❡✈✲t②♣❡ ❣❡♥❡r❛❧✐③❡❞ s❝❛tt❡r✐♥❣
❢✉♥❝t✐♦♥s ψ✱ h ❛♥❞ ψγ ✱ hγ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✶✳✼✮✳
❋✉♥❝t✐♦♥s ψ+✱ f ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
ψ+(x, k) = eikxIdn +
∫
Rd
G+(x− y, k)×
×
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)
)
ψ+(y, k) dy
✭✶✳✽✮
G+(x, k) = −(2π)−d
∫
Rd
eiξx dξ
ξ2 − k2 − i0
, ✭✶✳✾✮
✇❤❡r❡ x ∈ Rd✱ k ∈ Rd \ 0❀
f(k, l) = (2π)−d
∫
Rd
e−ilx
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)
)
ψ+(x, k) dx, ✭✶✳✶✵✮
✇❤❡r❡ k ∈ Rd \ 0✱ l ∈ Rd✳ ❆❝t✉❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ✭✶✳✽✮ ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛t❡❞
✈❡rs✐♦♥s✱ ✇❤❡r❡ ∂xj ✱ j = 1✱ ✳ ✳ ✳ ✱ d✱ ❛r❡ ❛♣♣❧✐❡❞ t♦ ❜♦t❤ s✐❞❡s ♦❢ ✭✶✳✽✮✱ ❛s ❛ s②st❡♠
♦❢ ❝♦✉♣❧❡❞ ❧✐♥❡❛r ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❢♦r ψ+✱ ∂xjψ
+✱ j = 1✱ ✳ ✳ ✳ ✱ d✳
❋✉♥❝t✐♦♥s ψ ❛♥❞ h ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
ψ(x, k) = eikxIdn +
∫
Rd
G(x− y, k)×
×
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)
)
ψ(y, k) dy,
✭✶✳✶✶✮
G(x, k) = eikxg(x, k), g(x, k) = −(2π)−d
∫
Rd
eiξxdξ
ξ2 + 2kξ
, ✭✶✳✶✷✮
✸
✇❤❡r❡ x ∈ Rd✱ k ∈ Cd \ Rd❀
h(k, l) = (2π)−d
∫
Rd
e−ilx
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)
)
ψ(x, k) dx, ✭✶✳✶✸✮
✇❤❡r❡ k✱ l ∈ Cd \ Rd✱ Im k = Im l✱ k2 = l2✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇✐t❤ ✭✶✳✽✮✱
✇❡ ❝♦♥s✐❞❡r ✭✶✳✶✶✮ ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛t❡❞ ✈❡rs✐♦♥s ❛s ❛ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ❧✐♥❡❛r
✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❢♦r ψ✱ ∂xjψ✱ ♦r✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r µ✱ ∂xjµ✱ j = 1✱ ✳ ✳ ✳ ✱ d✱
✇❤❡r❡ ψ = eikxµ✳
❋✐♥❛❧❧②✱ ❢✉♥❝t✐♦♥s ψγ ❛♥❞ hγ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
ψγ(x, k) = ψ(x, k + i0γ), hγ(k, l) = h(k + i0γ, l + i0γ), ✭✶✳✶✹✮
✇❤❡r❡ x ∈ Rd✱ k✱ l ∈ Rd \ 0✱ k2 = l2✱ γ ∈ Sd−1✱ ❛♥❞ Sd−1 ✐s t❤❡ ✉♥✐t s♣❤❡r❡
✐♥ Rd✳
◆♦t❡ t❤❛t t❤❡ ❤✐st♦r② ♦❢ ❢✉♥❝t✐♦♥s ψ✱ h ❛♥❞ ψγ ✱ hγ ❣♦❡s ❜❛❝❦ t♦ ❬❋❛✶❪✱ ❬❋❛✷❪✳
❋✉♥❝t✐♦♥s f(k, l) ❛♥❞ hγ(k, l)✱ ✇❤❡r❡ k✱ l ∈ R
d \ 0✱ k2 = l2 = E✱ γ ∈ Sd−1✱
❛♥❞ h(k, l)✱ ✇❤❡r❡ k✱ l ∈ Cd\Rd✱ Im k = Im l✱ k2 = l2 = E✱ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡
s❝❛tt❡r✐♥❣ ❞❛t❛ SE ❢♦r ❡q✉❛t✐♦♥ ✭✶✳✼✮ ❛t ✜①❡❞ E ∈ (0,+∞)✳ ❋✉♥❝t✐♦♥ h(k, l)✱ k✱
l ∈ Cd \ Rd✱ Im k = Im l✱ k2 = l2 = E✱ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ s❝❛tt❡r✐♥❣ ❞❛t❛ SE
❢♦r ❡q✉❛t✐♦♥ ✭✶✳✼✮ ❛t ✜①❡❞ E ∈ C \ (0,+∞)✳
■♥ ❛ s✐♠✐❧❛r ✇❛② ✇✐t❤ t❤❡ ♠❛♣ Λ(E)✱ s❝❛tt❡r✐♥❣ ❞❛t❛ SE ✐s ✐♥✈❛r✐❛♥t ✇✐t❤
r❡s♣❡❝t t♦ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭✶✳✻✮✱ ✇❤❡r❡ g ✐s ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r Mn(C)✲
✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ♦♥ Rd ❞❡❝❛②✐♥❣ ❢❛st ❡♥♦✉❣❤ ❛t ✐♥✜♥✐t② ✇✐t❤ det g(x) 6= 0 ❢♦r
x ∈ Rd✱ s❡❡✱ ❡✳❣✳✱ ❘❡❢✳ ❬❆◆❪ ❢♦r t❤❡ ❝❛s❡ n = 1✳
▲❡t D ❜❡ ❛ ✜①❡❞ ❞♦♠❛✐♥ s❛t✐s❢②✐♥❣ ✭✶✳✷✮✳ ▲❡t
A1✱ ✳ ✳ ✳ ✱ Ad✱ V ∈ C
0,α
c (D,Mn(C)) ❢♦r s♦♠❡ 0 < α ≤ 1✱ ✭✶✳✶✺✮
✇❤❡r❡ C0,αc (D,Mn(C)) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢Mn(C)✲✈❛❧✉❡❞ ❝♦♠♣♦♥❡♥t✲✇✐s❡ ❍☎♦❧❞❡r✲
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ D✳ ❆s ✐t ✇❛s ♥♦t❡❞ ❛❜♦✈❡✱ ✐♥ t❤❡
❝❛s❡ ♦❢ ❝♦❡✣❝✐❡♥ts s❛t✐s❢②✐♥❣ ✭✶✳✶✺✮ t❤❡ ♠❛♣s Φ(E) ❛♥❞ Λ(E) ❛r❡ t❤❡ s❛♠❡✳
❋♦r ❝♦❡✣❝✐❡♥ts A1✱ ✳ ✳ ✳ ✱ Ad✱ V s❛t✐s❢②✐♥❣ ✭✶✳✶✺✮ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❉✐r✐❝❤❧❡t✲t♦✲
◆❡✉♠❛♥♥ ♠❛♣ Φ(E) ❢♦r ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ❞❛t❛ SE ❢♦r ❡q✉❛t✐♦♥
✭✶✳✼✮✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡ ✇❡ ❞❡✜♥❡ ❝♦❡✣❝✐❡♥ts A1✱ ✳ ✳ ✳ ✱ Ad✱ V ♦✉ts✐❞❡ ♦❢ D ❜②
③❡r♦ ♠❛tr✐❝❡s✳
Pr♦❜❧❡♠ ✶✳✶✳ ●✐✈❡♥ Φ(E) ❛t ✜①❡❞ E ✭♦r ❢♦r E ✐♥ s♦♠❡ ✜①❡❞ s❡t✮ ✜♥❞ A1✱ ✳ ✳ ✳ ✱
Ad✱ V ♦❢ ✭✶✳✶✮ ✭♠♦❞✉❧♦ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭✶✳✻✮✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬◆♦✶❪ ✭✇❤❡r❡ t❤✐s ❛♣♣r♦❛❝❤ ✇❛s
s✉❣❣❡st❡❞ ❢♦r n = 1✱ A1✱ ✳ ✳ ✳ ✱ Ad ≡ 0✮ ❛♥❞ r❡❞✉❝❡ Pr♦❜❧❡♠ ✶✳✶ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❡q✉❛t✐♦♥ ✭✶✳✼✮✿
Pr♦❜❧❡♠ ✶✳✷✳ ●✐✈❡♥ SE ❛t ✜①❡❞ E ✭♦r ❢♦r E ✐♥ s♦♠❡ ✜①❡❞ s❡t✮ ✜♥❞ A1✱ ✳ ✳ ✳ ✱
Ad✱ V ♦❢ ✭✶✳✼✮ ✭♠♦❞✉❧♦ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭✶✳✻✮✮✳
✹
❈♦♥❝❡r♥✐♥❣ t❤❡ r❡s✉❧ts ❣✐✈❡♥ ✐♥ ❧✐t❡r❛t✉r❡ ♦♥ Pr♦❜❧❡♠ ✶✳✶ ✇✐t❤♦✉t t❤❡ ❛s✲
s✉♠♣t✐♦♥ t❤❛t A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ s❡❡✱ ❡✳❣✳✱ ❘❡❢s✳ ❬◆❙❯❪✱ ❬P❛❪✱ ❬❋❑❙❯❪✱ ❬❑▲❯❪✱
❬■❨❪✱ ❬❑❯❪ ❢♦r n = 1 ❛♥❞ ❘❡❢✳ ❬❊s❪ ❢♦r n ≥ 1✳ ❇❡s✐❞❡s✱ s❡❡ ❘❡❢s✳ ❬◆❙✶❪✱ ❬◆❙✷❪
❢♦r t❤❡ ❝❛s❡ d = 2✱ A1 ≡ 0✱ A2 ≡ 0✱ n ≥ 1✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡
n = 1✱ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ s❡❡ ❘❡❢s✳ ❬◆♦✹❪✱ ❬❇✉❦❪✱ ❬◆♦✺❪✱ ❬❇❙❙❘❪✱ ❬■◆✷❪✱ ❬❙❛❪
❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳
❈♦♥❝❡r♥✐♥❣ t❤❡ r❡s✉❧ts ❣✐✈❡♥ ✐♥ ❧✐t❡r❛t✉r❡ ♦♥ Pr♦❜❧❡♠ ✶✳✷ ✇✐t❤♦✉t t❤❡ ❛s✲
s✉♠♣t✐♦♥ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ s❡❡✱ ❡✳❣✳✱ ❘❡❢s✳ ❬❙❤❪✱ ❬❍◆✷❪✱ ❬◆♦✷❪ ✭♣✳ ✹✺✼✮✱
❬❊❘✶❪✱ ❬❊❘✸❪✱ ❬❆r❪✱ ❬◆✐❪✱ ❬P❙❯❪✱ ❬❆◆❪ ❢♦r n = 1 ❛♥❞ ❘❡❢s✳ ❬❍◆✸❪✱ ❬❊❘✷❪✱ ❬❊s❪✱
❬❳✐❪ ❢♦r n ≥ 1✳ ❚❤❡ ❝❛s❡ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ n ≥ 1✱ ✇❛s ❝♦♥s✐❞❡r❡❞✱ ❡✳❣✳✱ ✐♥
❘❡❢✳ ❬◆❙✷❪✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ n = 1✱ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ s❡❡
❘❡❢✳ ❬◆♦✻❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❝♦♥s✐st ♦❢ ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷ ♦❢
❙❡❝t✐♦♥ ✷✳ ■♥ ❚❤❡♦r❡♠ ✷✳✶ ✇❡ ❣✐✈❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r♠✉❧❛s ❛♥❞ ❡q✉❛t✐♦♥s ❢♦r
✜♥❞✐♥❣ SE ❢r♦♠ Φ(E)− Φ
0(E)✱ ✇❤❡r❡ SE ❛♥❞ Φ(E) ❝♦rr❡s♣♦♥❞ t♦ ❝♦❡✣❝✐❡♥ts
A1✱ ✳ ✳ ✳ ✱ Ad✱ V ❛♥❞ Φ
0(E) ❝♦rr❡s♣♦♥❞s t♦ ③❡r♦ ❝♦❡✣❝✐❡♥ts A01 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱
V 0 ≡ 0✳ ■♥ ❚❤❡♦r❡♠ ✷✳✷ ✇❡ ❣✐✈❡ ❛ r❡s✉❧t ♦♥ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❡q✉❛t✐♦♥s ♦❢
❚❤❡♦r❡♠ ✷✳✶✳
■♥ ❢❛❝t✱ t❤❡ ❢♦r♠✉❧❛s ❛♥❞ ❡q✉❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❛r❡ ❛❧s♦ ✈❛❧✐❞ ✐❢ ❡✐t❤❡r
V 0(x) ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❢♦r ❛❧❧ x ∈ D ♦r V 0 ✐s ❛ ♣r♦❞✉❝t ♦❢ ❛ ❝♦♥st❛♥t ♠❛✲
tr✐① ❜② ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥✱ s❡❡ ❚❤❡♦r❡♠s ✷✳✶′ ❛♥❞ ✷✳✷′ ♦❢ ❙❡❝t✐♦♥ ✷✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ♣♦t❡♥t✐❛❧ V 0 ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❦♥♦✇♥✳ ❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡♥
V 0(x) ✐s ❞✐❛❣♦♥❛❧ ❢♦r ❛❧❧ x ∈ D ✐s ✉s❡❢✉❧✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ Pr♦❜✲
❧❡♠ ✶✳✶ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♠♦❞❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱ s❡❡✱ ❡✳❣✳✱ ❬❇❇❙❪ ❛♥❞ ❙✉❜s❡❝t✐♦♥ ✸✳✶
♦❢ ❬◆❙✷❪✳
❚❤✉s✱ ❞✉❡ t♦ t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠s ✷✳✶✱ ✷✳✷✱ ✷✳✶′✱ ✷✳✷′ ✇❡ r❡❞✉❝❡❞ Pr♦❜❧❡♠
✶✳✶ t♦ Pr♦❜❧❡♠ ✶✳✷✳ ❆s r❡❣❛r❞s t♦ ♠❡t❤♦❞s ♦❢ s♦❧✈✐♥❣ Pr♦❜❧❡♠ ✶✳✷ ✇❡ r❡❢❡r t♦
❬❆◆❪✱ ❬❆r❪✱ ❬❊❘✶❪✱ ❬❊❘✷❪✱ ❬❊❘✸❪✱ ❬❊s❪✱ ❬❍◆✶❪✱ ❬❍◆✷❪✱ ❬❍◆✸❪✱ ❬◆✐❪✱ ❬◆♦✷❪ ✭♣✳ ✹✺✼✮✱
❬◆♦✻❪✱ ❬◆❙✷❪✱ ❬P❙❯❪✱ ❬❙❤❪✱ ❬❳✐❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳
❋♦r t❤❡ ❝❛s❡ ✇❤❡♥ n = 1✱ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ A
0
1 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0 ≡ 0✱
❚❤❡♦r❡♠s ✷✳✶′ ❛♥❞ ✷✳✷′ ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ ❬◆♦✶❪✳ ❚❤❡s❡ t❤❡♦r❡♠s
✇❡r❡ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ n = 1✱ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ A
0
1 ≡ 0✱ ✳ ✳ ✳ ✱
A0d ≡ 0✱ V
0 6≡ 0✱ ✐♥ ❬◆♦✹❪✳ ■♥ ❬◆❙✷❪ t❤❡ ❛✉t❤♦rs ❣✐✈❡ ❢♦r♠✉❧❛s ❛♥❞ ❡q✉❛t✐♦♥s ❢♦r
t❤❡ ❝❛s❡ ✇❤❡♥ d = 2✱ n ≥ 1✱ A1 ≡ 0✱ A2 ≡ 0✱ A
0
1 ≡ 0✱ A
0
2 ≡ 0✱ V
0 6≡ 0✳ ■♥ t❤❡
♣r❡s❡♥t ♣❛♣❡r ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡s❡ r❡s✉❧ts t♦ t❤❡ ❝❛s❡ ✇❤❡♥ n ≥ 1✱ A1 6≡ 0✱ ✳ ✳ ✳ ✱
Ad 6≡ 0✱ A
0
1 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0 6≡ 0✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ♥❡✇
❡✈❡♥ ❢♦r t❤❡ ❣❡♥❡r❛❧ s❝❛❧❛r ❝❛s❡ ✇❤❡♥ n = 1 ❛♥❞ V 0 ≡ 0✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳
✺
✷ ▼❛✐♥ r❡s✉❧ts
❈♦♥s✐❞❡r ❡q✉❛t✐♦♥ ✭✶✳✼✮ ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✳✶✺✮✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡ts E ✱ Eγ ✱
γ ∈ Sd−1✱ ❛♥❞ E+✱ ❛s ❢♦❧❧♦✇s✿
E =
{
ζ ∈ Cd \ Rd : ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ❛t k = ζ ✐s ♥♦t ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ❢♦r ψ = eikxµ✱ ✇❤❡r❡ µ ∈W 1,∞(Rd,Mn(C))
}
,
✭✷✳✶✮
Eγ =
{
ζ ∈ Rd \ 0: ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ❛t k = ζ + i0γ ✐s ♥♦t
✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r ψ ∈W 1,∞(Rd,Mn(C))
}
,
✭✷✳✷✮
E+ =
{
ζ ∈ Rd \ 0: ❡q✉❛t✐♦♥ ✭✶✳✽✮ ❛t k = ζ + i0ζ/|ζ| ✐s ♥♦t
✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r ψ ∈W 1,∞(Rd,Mn(C))
}
.
✭✷✳✸✮
❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ s❡ts E ✱ Eγ ✱ E
+ ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♥❛❧♦❣s ♦❢
s❡ts E ✱ Eγ ✱ E
+ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ n = 1✱ Aj ≡ 0✱ j = 1✱ ✳ ✳ ✳ ✱ d✳ ❋♦r t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❧❛tt❡r s❡ts s❡❡✱ ❡✳❣✳✱ ❘❡❢✳ ❬◆♦✹❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❘❡str✐❝t✐♦♥s ✐♥
s♣❛❝❡ ❛♥❞ t✐♠❡ ♣r❡✈❡♥t ✉s ❢r♦♠ st✉❞②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ s❡ts E ✱ Eγ ✱ E
+ ✐♥ t❤❡
♣r❡s❡♥t ♣❛♣❡r✳
❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t D s❛t✐s❢② ✭✶✳✷✮ ❛♥❞ E ❜❡ ✜①❡❞✳ ❙✉♣♣♦s❡ t❤❛t E ✐s ♥♦t ❛
❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r ♦♣❡r❛t♦rs L ❛♥❞ −∆ ✐♥ D✳ ▲❡t A1✱ ✳ ✳ ✳ ✱ Ad✱ V s❛t✐s❢②
✭✶✳✶✺✮✳ ▲❡t Φ(E) ❝♦rr❡s♣♦♥❞ t♦ ❝♦❡✣❝✐❡♥ts A1✱ ✳ ✳ ✳ ✱ Ad✱ V ❛♥❞ Φ
0(E) ❝♦rr❡✲
s♣♦♥❞ t♦ ❝♦❡✣❝✐❡♥ts A01 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0 ≡ 0✳ ❉❡♥♦t❡ ❜② (Φ−Φ0)(x, y, E)✱
x✱ y ∈ ∂D✱ t❤❡ ❙❝❤✇❛rt③ ❦❡r♥❡❧ ♦❢ ♦♣❡r❛t♦r Φ(E)− Φ0(E)✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛s ❛♥❞ ❡q✉❛t✐♦♥s ❤♦❧❞✿
h(k, l) = (2π)−d
∫
∂D
∫
∂D
e−ilx(Φ− Φ0)(x, y, E)ψ(y, k) dy dx, ✭✷✳✹✮
✇❤❡r❡ k✱ l ∈ Cd \ Rd✱ Im k = Im l✱ k2 = l2 = E✱ k 6∈ E❀
ψ(x, k) = eikxIdn +
∫
∂D
A(x, y, k)ψ(y, k) dy, x ∈ ∂D, ✭✷✳✺✮
A(x, y, k) =
∫
∂D
G(x− z, k)(Φ− Φ0)(z, y, E) dz, x, y ∈ ∂D, ✭✷✳✻✮
✇❤❡r❡ k ∈ Cd \ (Rd ∪ E)✱ k2 = E✱ ❛♥❞ G ✐s ❞❡✜♥❡❞ ✐♥ ❢♦r♠✉❧❛ ✭✶✳✶✷✮❀
hγ(k, l) = (2π)
−d
∫
∂D
∫
∂D
e−ilx(Φ− Φ0)(x, y, E)ψγ(y, k) dy dx, ✭✷✳✼✮
✇❤❡r❡ γ ∈ Sd−1✱ k✱ l ∈ Rd \ 0✱ k2 = l2 = E✱ k 6∈ Eγ ✱
ψγ(x, k) = e
ikxIdn +
∫
∂D
Aγ(x, y, k)ψγ(y, k) dy, x ∈ ∂D, ✭✷✳✽✮
Aγ(x, y, k) =
∫
∂D
Gγ(x− z, k)(Φ− Φ
0)(z, y, E) dz, x, y ∈ ∂D, ✭✷✳✾✮
Gγ(x, k)
❞❡❢
== G(x, k + i0γ), x ∈ Rd, ✭✷✳✶✵✮
✻
✇❤❡r❡ γ ∈ Sd−1✱ k ∈ Rd \ (0 ∪ Eγ)✱ k
2 = E❀
f(k, l) = (2π)−d
∫
∂D
∫
∂D
e−ilx(Φ− Φ0)(x, y, E)ψ+(y, k) dy dx, ✭✷✳✶✶✮
✇❤❡r❡ k✱ l ∈ Rd \ 0✱ k2 = l2 = E✱ k 6∈ E+✱
ψ+(x, k) = eikxIdn +
∫
∂D
A+(x, y, k)ψ+(y, k) dy, x ∈ ∂D, ✭✷✳✶✷✮
A+(x, y, k) =
∫
∂D
G+(x− z, k)(Φ− Φ0)(z, y, E) dz, x, y ∈ ∂D, ✭✷✳✶✸✮
✇❤❡r❡ k ∈ Rd \ (0 ∪ E+)✱ k2 = E✱ ❛♥❞ G+ ✐s ❞❡✜♥❡❞ ✐♥ ❢♦r♠✉❧❛ ✭✶✳✾✮✳
❆❝t✉❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ✭✷✳✺✮✱ ✭✷✳✽✮✱ ✭✷✳✶✷✮ ❛s ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❢♦r ✜♥❞✐♥❣ ψ✱
ψγ ✱ ψ
+✱ r❡s♣❡❝t✐✈❡❧②✱ ❢r♦♠ Φ(E)− Φ0(E)✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ✭✷✳✹✮✱ ✭✷✳✼✮✱ ✭✷✳✶✶✮ ❛s ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r ✜♥❞✐♥❣
h✱ hγ ✱ f ❢r♦♠ Φ(E)− Φ
0(E) ❛♥❞ ψ✱ ψγ ✱ ψ
+✱ r❡s♣❡❝t✐✈❡❧②✳
❋♦r ✜①❡❞ 0 < β ≤ 1 ✇❡ ❞❡♥♦t❡ ❜② C1,β(∂D,Mn(C)) t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢
❢✉♥❝t✐♦♥s ❢r♦♠ C1(∂D,Mn(C)) ✇✐t❤ ❝♦♠♣♦♥❡♥t✲✇✐s❡ ❍☎♦❧❞❡r✲❝♦♥t✐♥✉♦✉s ❞❡r✐✈❛✲
t✐✈❡s✳
❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❜❡ ❢✉❧✜❧❧❡❞✳ ▲❡t 0 < β < 1
❜❡ ✜①❡❞✳
✶✳ ❋✐① k ∈ Cd \Rd✱ k2 = E✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✺✮ ✐s ❛ ❋r❡❞❤♦❧♠ ✐♥t❡❣r❛❧ ❡q✉❛✲
t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❢♦r ψ ∈ C1,β(∂D,Mn(C)) ✇❤✐❝❤ ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ✐❢
❛♥❞ ♦♥❧② ✐❢ k 6∈ E✳
✷✳ ❋✐① γ ∈ Sd−1✱ k ∈ Rd \0✱ k2 = E✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✽✮ ✐s ❛ ❋r❡❞❤♦❧♠ ✐♥t❡✲
❣r❛❧ ❡q✉❛t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❢♦r ψγ ∈ C
1,β(∂D,Mn(C)) ✇❤✐❝❤ ✐s ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ Eγ ✳
✸✳ ❋✐① k ∈ Rd \ 0✱ k2 = E✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✶✷✮ ✐s ❛ ❋r❡❞❤♦❧♠ ✐♥t❡❣r❛❧ ❡q✉❛✲
t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❢♦r ψ+ ∈ C1,β(∂D,Mn(C)) ✇❤✐❝❤ ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ E+✳
■♥ ❢❛❝t✱ ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷ ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❚❤❡♦r❡♠s
✷✳✶′ ❛♥❞ ✷✳✷′ ❣✐✈❡♥ ❜❡❧♦✇✳ ❚♦ ❢♦r♠✉❧❛t❡ t❤❡s❡ r❡s✉❧ts ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡
♥♦t❛t✐♦♥s✳
▲❡t ❝♦❡✣❝✐❡♥ts A01✱ ✳ ✳ ✳ ✱ A
0
d✱ V
0 ♦♥ Rd s❛t✐s❢②
A01 ≡ 0, . . . , A
0
d ≡ 0, ✭✷✳✶✹✮
❛♥❞ ❡✐t❤❡r
V 0(x) ❜❡ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❢♦r ❛❧❧ x, ✭✷✳✶✺✮
♦r
V 0 = V0v0✱ ✇❤❡r❡ V0 ∈Mn(C)
❛♥❞ v0 ✐s ❛ s❧❛❧❛r ❢✉♥❝t✐♦♥ ♦❢ x.
✭✷✳✶✻✮
✼
❲❡ ❛❧s♦ s✉♣♣♦s❡ t❤❛t V 0 ✐s ③❡r♦ ♦✉t✐❞❡ ♦❢ D ❛♥❞ ❝♦❡✣❝✐❡♥ts A01✱ ✳ ✳ ✳ ✱ A
0
d✱ V
0
r❡str✐❝t❡❞ t♦ D s❛t✐s❢② ✭✶✳✶✺✮✳
❉❡✜♥❡ LV 0 ✱ EV 0 ✱ EV 0,γ ✱ γ ∈ S
d−1✱ ❛♥❞ E+V 0 ❜② ❢♦r♠✉❧❛s ✭✶✳✶✮✱ ✭✷✳✶✮✱ ✭✷✳✷✮✱
✭✷✳✸✮✱ r❡s♣❡❝t✐✈❡❧②✱ ✉s✐♥❣ ❝♦❡✣❝✐❡♥ts A01 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0 ✐♥ ✭✶✳✶✮✱ ✭✶✳✶✶✮✱
✭✶✳✽✮ ✐♥st❡❛❞ ♦❢ A1✱ ✳ ✳ ✳ ✱ Ad✱ V ✳
◆♦t❡ t❤❛t✱ ✐♥ ❢❛❝t✱ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s❡t EV 0 ✭♦r s❡ts EV 0,γ ✱ E
+
V 0✮ ✐t ✐s
s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ψ = eikxµ
✇✐t❤ µ ∈ L∞(Rd,Mn(C)) ✭❢♦r ψ ∈ L
∞(Rd,Mn(C))✱ r❡s♣❡❝t✐✈❡❧②✮✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥s R0✱ R0γ ✱ γ ∈ S
d−1✱ ❛♥❞ R+,0 ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
R0(x, y, k) = G(x− y, k)Idn +
∫
Rd
G(x− z, k)V 0(z)R0(z, y, k) dz, ✭✷✳✶✼✮
✇❤❡r❡ x✱ y ∈ Rd✱ k ∈ Cd \ Rd ❛♥❞ G ✐s ❞❡✜♥❡❞ ✐♥ ❢♦r♠✉❧❛ ✭✶✳✶✷✮❀
R0γ(x, y, k)
❞❡❢
== R0(x, y, k + i0γ), ✭✷✳✶✽✮
R+,0(x, y, k)
❞❡❢
== R0k/|k|(x, y, k), ✭✷✳✶✾✮
✇❤❡r❡ x✱ y ∈ Rd✱ k ∈ Rd \ 0✱ γ ∈ Sd−1✳
❲❡ ❝♦♥s✐❞❡r ✭✷✳✶✼✮ ❛t ✜①❡❞ y✱ k ❛s ❛♥ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❢♦r
R0(x, y, k) = G(x− y, k)Idn + e
ik(x−y)r0(x, y, k), ✭✷✳✷✵✮
✇❤❡r❡ r0(·, y, k) ∈ L∞(Rd,Mn(C))✳
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✼✮✱ ✭✷✳✷✵✮ t❤❛t r0 s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿
r0(x, y, k) =
∫
Rd
g(x− z, k)V 0(z)g(z − y, k) dz
+
∫
Rd
g(x− z, k)V 0(z)r0(z, y, k) dy,
✭✷✳✷✶✮
✇❤❡r❡ x✱ y ∈ Rd ❛♥❞ g ✐s ❞❡✜♥❡❞ ✐♥ ❢♦r♠✉❧❛ ✭✶✳✶✷✮✳
◆♦t❡ t❤❛t ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✶✳✶✺✮ ❢♦r ❝♦❡✣❝✐❡♥ts A01 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0
t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ tr✉❡✿
✶✳ ❋✐① k ∈ Cd \Rd✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r r0(·, y, k) ∈
L∞(Rd,Mn(C)) ❢♦r ❛♥② y ∈ R
d ✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ EV 0 ✳
✷✳ ❋✐① ζ ∈ Rd \ 0✱ γ ∈ Sd−1✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ ✇✐t❤ k = ζ + i0γ ✐s
✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r r0(·, y, k) ∈ L∞(Rd,Mn(C)) ❢♦r ❛♥② y ∈ R
d ✐❢ ❛♥❞
♦♥❧② ✐❢ ζ 6∈ EV 0,γ ✳
✸✳ ❋✐① ζ ∈ Rd \ 0✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ ✇✐t❤ k = ζ + i0ζ/|ζ| ✐s ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ❢♦r r0(·, y, k) ∈ L∞(Rd,Mn(C)) ❢♦r ❛♥② y ∈ R
d ✐❢ ❛♥❞ ♦♥❧② ✐❢
ζ 6∈ E+V 0 ✳
✽
❇❡s✐❞❡s✱ ✐❢ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ ❛t ✜①❡❞ k ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r r0(·, y, k) ∈
L∞(Rd,Mn(C)) ❢♦r ❛♥② y ∈ R
d✱ t❤❡♥ ❢✉♥❝t✐♦♥ r0 ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
r0(·, ·, k) ∈ C(Rd × Rd,Mn(C)) ∩ L
∞(Rd × Rd,Mn(C)) ❛t ✜①❡❞ k✱ ✭✷✳✷✷✮∫
Rd
g(x− z, k)V 0(z)r0(z, y, k) dz =
∫
Rd
r0(x, z, k)V 0(z)g(z − y, k) dz, ✭✷✳✷✸✮
✇❤❡r❡ x✱ y ∈ Rd✳
❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ ψ˜0γ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
ψ˜0γ(x, k, l) = e
ilxIdn +
∫
Rd
Gγ(x− y, k)V
0(y)ψ˜0γ(y, k, l) dy, ✭✷✳✷✹✮
✇❤❡r❡ x ∈ Rd✱ k✱ l ∈ Rd \ 0✱ k2 = l2✱ γ ∈ Sd−1✳ ❲❡ ❝♦♥s✐❞❡r ✭✷✳✷✹✮ ❛t ✜①❡❞ k✱ l✱
γ ❛s ❛♥ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❢♦r ψ˜0γ(·, k, l) ∈ L
∞(Rd,Mn(C))✳
❚❤❡♦r❡♠ ✷✳✶′✳ ▲❡t D s❛t✐s❢② ✭✶✳✷✮ ❛♥❞ E ❜❡ ✜①❡❞✳ ❙✉♣♣♦s❡ t❤❛t E ✐s ♥♦t ❛
❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r ♦♣❡r❛t♦rs L✱ LV 0 ❛♥❞ −∆ ✐♥ D✳ ❈♦♥s✐❞❡r t✇♦ s❡ts ♦❢
❝♦❡✣❝✐❡♥ts A1✱ ✳ ✳ ✳ ✱ Ad✱ V ❛♥❞ A
0
1✱ ✳ ✳ ✳ ✱ A
0
d✱ V
0✱ s❛t✐s❢②✐♥❣ ✭✶✳✶✺✮✳ ▲❡t A01✱ ✳ ✳ ✳ ✱
A0d✱ V
0 s❛t✐s❢② ✭✷✳✶✹✮ ❛♥❞ ❡✐t❤❡r ✭✷✳✶✺✮ ♦r ✭✷✳✶✻✮✳ ▲❡t Φ✱ ψ✱ h✱ ψγ ✱ hγ ✱ ψ
+✱ f ✱
E✱ Eγ ✱ E
+ ❝♦rr❡s♣♦♥❞ t♦ A1✱ ✳ ✳ ✳ ✱ Ad✱ V ✭❛s ❞❡✜♥❡❞ ❛❜♦✈❡✮ ❛♥❞ ΦV 0 ✱ ψ
0✱ h0✱
ψ0γ ✱ ψ˜
0
γ ✱ h
0
γ ✱ ψ
+,0✱ f0✱ R0✱ R0γ ✱ R
+,0✱ EV 0 ✱ EV 0,γ ✱ E
+
V 0 ❝♦rr❡s♣♦♥❞ t♦ A
0
1✱ ✳ ✳ ✳ ✱ A
0
d✱
V 0 ✭❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ✇✐t❤ ❝♦❡✣❝✐❡♥ts A01✱ ✳ ✳ ✳ ✱ A
0
d✱ V
0 ✐♥st❡❛❞ ♦❢ A1✱ ✳ ✳ ✳ ✱ Ad✱
V ✮✳ ❉❡♥♦t❡ ❜② (Φ − ΦV 0)(x, y, E)✱ x✱ y ∈ ∂D✱ t❤❡ ❙❝❤✇❛rt③ ❦❡r♥❡❧ ♦❢ ♦♣❡r❛t♦r
Φ(E)− ΦV 0(E)✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❛♥❞ ❡q✉❛t✐♦♥s ❤♦❧❞✿
h(k, l) = h0(k, l) + (2π)−d
∫
∂D
∫
∂D
ψ0(x,−l)(Φ− ΦV 0)(x, y, E)ψ(y, k) dy dx,
✭✷✳✷✺✮
✇❤❡r❡ k✱ l ∈ Cd \ Rd✱ Im k = Im l✱ k2 = l2 = E✱ k 6∈ E ∪ EV 0 ✱
ψ(x, k) = ψ0(x, k) +
∫
∂D
A(x, y, k)ψ(y, k) dy, x ∈ ∂D, ✭✷✳✷✻✮
A(x, y, k) =
∫
∂D
R0(x, z, k)(Φ− ΦV 0)(z, y, E) dz, x, y ∈ ∂D, ✭✷✳✷✼✮
✇❤❡r❡ k ∈ Cd \ (Rd ∪ E ∪ EV 0)✱ k
2 = E❀
hγ(k, l) = h
0
γ(k, l)
+(2π)−d
∫
∂D
∫
∂D
ψ˜0−γ(x,−k,−l)(Φ− ΦV 0)(x, y, E)ψγ(y, k) dy dx,
✭✷✳✷✽✮
✇❤❡r❡ γ ∈ Sd−1✱ k✱ l ∈ Rd \ 0✱ k2 = l2 = E✱ k 6∈ Eγ ∪ EV 0,γ ✱
ψγ(x, k) = ψ
0
γ(x, k) +
∫
∂D
Aγ(x, y, k)ψγ(y, k) dy, x ∈ ∂D, ✭✷✳✷✾✮
Aγ(x, y, k) =
∫
∂D
R0γ(x, z, k)(Φ− ΦV 0)(z, y, E) dz, x, y ∈ ∂D, ✭✷✳✸✵✮
✾
✇❤❡r❡ γ ∈ Sd−1✱ k ∈ Rd \ (0 ∪ Eγ ∪ EV 0,γ)✱ k
2 = E❀
f(k, l) = f0(k, l)+ (2π)−d
∫
∂D
∫
∂D
ψ+,0(x,−l)(Φ−ΦV 0)(x, y, E)ψ
+(y, k) dy dx,
✭✷✳✸✶✮
✇❤❡r❡ k✱ l ∈ Rd \ 0✱ k2 = l2 = E✱ k 6∈ E+ ∪ E+V 0 ✱
ψ+(x, k) = ψ+,0(x, k) +
∫
∂D
A+(x, y, k)ψ+(y, k) dy, x ∈ ∂D, ✭✷✳✸✷✮
A+(x, y, k) =
∫
∂D
R+,0(x, z, k)(Φ− ΦV 0)(z, y, E) dz, x, y ∈ ∂D, ✭✷✳✸✸✮
✇❤❡r❡ k ∈ Rd \ (0 ∪ E+ ∪ E+V 0)✱ k
2 = E✳
■♥ ❛ s✐♠✐❧❛r ✇❛② ✇✐t❤ ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ ❝♦♥s✐❞❡r ✭✷✳✷✻✮✱ ✭✷✳✷✾✮✱ ✭✷✳✸✷✮ ❛s
✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❢♦r ✜♥❞✐♥❣ ψ✱ ψγ ✱ ψ
+ ❢r♦♠ Φ(E)− ΦV 0(E) ❛♥❞ ψ
0✱ R0❀ ψ0γ ✱
R0γ ❀ ψ
+,0✱ R+,0✱ r❡s♣❡❝t✐✈❡❧②✳
❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ✭✷✳✷✺✮✱ ✭✷✳✷✽✮✱ ✭✷✳✸✶✮ ❛s ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r ✜♥❞✐♥❣ h✱ hγ ✱
f ❢r♦♠ Φ(E)−ΦV 0(E) ❛♥❞ h
0✱ ψ0✱ ψ❀ h0γ ✱ ψ˜
0
−γ ✱ ψγ ❀ f
0✱ ψ+,0✱ ψ+✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡♦r❡♠ ✷✳✶′ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳
❚❤❡♦r❡♠ ✷✳✷′✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✶′ ❜❡ ❢✉❧✜❧❧❡❞✳ ▲❡t 0 < β < 1
❜❡ ✜①❡❞✳
✶✳ ❋✐① k ∈ Cd \ (Rd ∪ EV 0)✱ k
2 = E✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✐s ❛ ❋r❡❞❤♦❧♠ ✐♥✲
t❡❣r❛❧ ❡q✉❛t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❢♦r ψ ∈ C1,β(∂D,Mn(C)) ✇❤✐❝❤ ✐s ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ E✳
✷✳ ❋✐① γ ∈ Sd−1✱ k ∈ Rd \ (0 ∪ EV 0,γ)✱ k
2 = E✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✷✾✮ ✐s
❛ ❋r❡❞❤♦❧♠ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❢♦r ψγ ∈ C
1,β(∂D,Mn(C))
✇❤✐❝❤ ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ Eγ ✳
✸✳ ❋✐① k ∈ Rd \ (0 ∪ E+V 0)✱ k
2 = E✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✸✷✮ ✐s ❛ ❋r❡❞❤♦❧♠ ✐♥t❡✲
❣r❛❧ ❡q✉❛t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❢♦r ψ+ ∈ C1,β(∂D,Mn(C)) ✇❤✐❝❤ ✐s ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ E+✳
❚❤❡♦r❡♠ ✷✳✷′ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
❘❡♠❛r❦ ✷✳✶✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦♦❢s ♦❢ ❡q✉❛t✐♦♥s ❛♥❞ ❢♦r♠✉❧❛s ♦❢ ❚❤❡♦r❡♠s ✷✳✶✱
✷✳✶′ r❡♠❛✐♥ ✈❛❧✐❞ ✇✐t❤♦✉t t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❝♦❡✣❝✐❡♥ts A1✱ ✳ ✳ ✳ ✱ Ad✱ V ✱ V
0
❤❛✈❡ ❝♦♠♣❛❝t s✉♣♣♦rts ✐♥D✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ ❝♦♠♣❛❝t
s✉♣♣♦rts ✐♥ D ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ❝❤♦✐❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s
❢♦r s♦❧✈✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✺✮✱ ✭✷✳✽✮✱ ✭✷✳✶✷✮✱ ✭✷✳✷✻✮✱ ✭✷✳✷✾✮✱ ✭✷✳✸✷✮ ❛♥❞ r❡❧❛t❡❞ ♣r♦♦❢s
♦❢ ❚❤❡♦r❡♠s ✷✳✷✱ ✷✳✷′✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ❛♥❞ ❢♦r♠✉❧❛ ✭✶✳✶✸✮ ❣✐✈❡ ♠✉❝❤
♠♦r❡ st❛❜❧❡ ✇❛② t♦ ✜♥❞ ❢✉♥❝t✐♦♥s ψ0✱ h0 ❢r♦♠ A01✱ ✳ ✳ ✳ ✱ A
0
d✱ V
0 t❤❛♥ ❡q✉❛t✐♦♥
✭✷✳✺✮ ❛♥❞ ❢♦r♠✉❧❛ ✭✷✳✹✮ ✐❢ | Im k| ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳
✶✵
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✇✐❧❧ ❜❡
r❡❧❛t✐✈❡❧② st❛❜❧❡ ✐❢ t❤❡ ♥♦r♠ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ❡q✉❛t✐♦♥ ✐s
❧❡ss t❤❡♥ 1✳ ■❢ ❛t ✜①❡❞ k ❝♦❡✣❝✐❡♥ts A1✱ ✳ ✳ ✳ ✱ Ad ❛r❡ s✉✣❝✐❡♥t❧② s♠❛❧❧ ✇❤❡r❡❛s
❝♦❡✣❝✐❡♥t V ✐s ♥♦t s♠❛❧❧ ❜✉t ✐s s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ ❝♦❡✣❝✐❡♥t V 0✱ t❤❡♥ t❤❡ ✐♥t❡✲
❣r❛❧ ♦♣❡r❛t♦r ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✇✐❧❧ ❤❛✈❡ ♠✉❝❤ s♠❛❧❧❡r ♥♦r♠ t❤❛♥ t❤❡ ✐♥t❡❣r❛❧
♦♣❡r❛t♦r ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✺✮ ✭❡✳❣✳✱ ❛s ❛ ♥♦r♠ ♦❢ ♦♣❡r❛t♦r ♦♥ C1,β(∂D,Mn(C))✱
0 < β < 1✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥♦r♠ ✇✐❧❧ ❜❡ ❧❡ss t❤❡♥ 1 ❛♥❞ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦
✉s❡ t❤❡ ♠❡t❤♦❞ ♦❢ s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ s♦❧✈❡ ✭✷✳✷✻✮✳ ❍❡♥❝❡ ❡q✉❛t✐♦♥
✭✷✳✷✻✮ ❛♥❞ ❢♦r♠✉❧❛ ✭✷✳✷✺✮ ✇✐❧❧ ❣✐✈❡ ♠✉❝❤ ♠♦r❡ st❛❜❧❡ ✇❛② t♦ ✜♥❞ ψ ❛♥❞ h t❤❛♥
❡q✉❛t✐♦♥ ✭✷✳✺✮ ❛♥❞ ❢♦r♠✉❧❛ ✭✷✳✹✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ♣♣✳ ✷✻✷✕✷✻✸
♦❢ ❘❡❢✳ ❬◆♦✹❪ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✷ ♦❢ ❬◆❙✷❪ ❢♦r r❡❧❛t❡❞ ❞✐s❝✉ss✐♦♥✳
✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶′
✸✳✶ ■♥t❡❣r❛❧ ✐❞❡♥t✐t②
◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✐❞❡♥t✐t②∫
∂D
u0(x)(Φ(E)− ΦV 0(E))(u|∂D)(x) dx
=
∫
D
u0(x)
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
u(x) dx.
✭✸✳✶✮
❢♦r ❛♥② s✉✣❝✐❡♥t❧② r❡❣✉❧❛r Mn(C)✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s u✱ u
0 ♦♥ D ✭❢♦r ❡①❛♠♣❧❡✱ ❢♦r
u✱ u0 ∈ C2(D,Mn(C)) ∩ C
1(D,Mn(C))✮ s❛t✐s❢②✐♥❣
−∆u− 2i
d∑
j=1
Aj(x)∂xju+ V (x)u = Eu, x ∈ D, ✭✸✳✷✮
−∆u0 + V 0(x)u0 = Eu0, x ∈ D, ✭✸✳✸✮
✇❤❡r❡ u0 ❛❧s♦ s❛t✐s✜❡s
V 0(x)u0(x) = u0(x)V 0(x), x ∈ D. ✭✸✳✹✮
■❞❡♥t✐t② ✭✸✳✶✮ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ n = 1✱ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0 ✜rst ❛♣♣❡❛r❡❞
✐♥ ❘❡❢✳ ❬❆❧❪✳ ■t ✇❛s ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ n ≥ 2✱ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0 ✐♥
❘❡❢✳ ❬◆❙✶❪✳
■❞❡♥t✐t② ✭✸✳✶✮ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ s❡❝♦♥❞ ●r❡❡♥ ❢♦r♠✉❧❛✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✶✶
❢♦r♠✉❧❛ ✭✸✳✶✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ❡q✉❛❧✐t✐❡s✿∫
D
u0(x)
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
u(x) dx
✭✸✳✷✮,✭✸✳✹✮
=====
∫
D
(
u0(x)(∆ + E)u(x)− V 0(x)u0(x)u(x)
)
dx
✭✸✳✸✮
==
∫
D
(
u0(x)∆u(x)−∆u0(x)u(x)
)
dx
=
∫
∂D
u0(x)(Φ(E)− ΦV 0(E))(u|∂D)(x) dx
+
∫
∂D
(
u0(x)ΦV 0(E)(u|∂D)(x)− ΦV 0(E)(u
0|∂D)(x)u(x)
)
dx
=
∫
∂D
u0(x)(Φ(E)− ΦV 0(E))(u|∂D)(x) dx
+
∫
D
(
u0(x)V 0(x)u˜(x)− V 0(x)u0(x)u˜(x)
)
dx
✭✸✳✹✮
==
∫
∂D
u0(x)(Φ(E)− ΦV 0(E))(u|∂D)(x) dx,
✇❤❡r❡ u˜ s❛t✐s✜❡s ✭✸✳✸✮ ❛♥❞ u˜|∂D = u|∂D✳
✸✳✷ ❙②♠♠❡tr✐❡s ♦❢ ❢✉♥❝t✐♦♥s ψ0✱ ψ0
γ
✱ ψ+,0 ❛♥❞ R0✱ R0
γ
✱ R+,0
❲❡ ❞❡♥♦t❡ ❜② L∞c (R
d) t❤❡ s❡t ♦❢ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥s ❢r♦♠ L∞(Rd)✳
▲❡♠♠❛ ✸✳✶✳ ▲❡t V 0 ∈ L∞c (R
d) s❛t✐s❢② ❡✐t❤❡r ✭✷✳✶✺✮ ♦r ✭✷✳✶✻✮✳ ❚❤❡♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s ❤♦❧❞✿
V 0(x)ψ0(x, k) = ψ0(x, k)V 0(x), ✭✸✳✺✮
V 0(x)R0(x, y, k) = R0(x, y, k)V 0(x), , ✭✸✳✻✮
R0(x, y, k) = R0(y, x,−k), ✭✸✳✼✮
✇❤❡r❡ x✱ y ∈ Rd✱ x 6= y✱ k ∈ Cd \ (Rd ∪ EV 0)✳
Pr♦♦❢✳ ▲❡t k ∈ Cd \ (Rd∪EV 0) ❜❡ ✜①❡❞✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ✇✐t❤ A1 ≡ 0✱ ✳ ✳ ✳ ✱
Ad ≡ 0✱ V ≡ V
0 ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r ψ0 = eikxµ0 ✇✐t❤ µ0 ∈ L∞(Rd,Mn(C))✳
❙✉♣♣♦s❡✱ ✜rst✱ t❤❛t ✭✷✳✶✺✮ ❤♦❧❞s✳ ■♥ t❤✐s ❝❛s❡ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛ ✭✶✳✶✶✮
t❤❛t ψ0(x, k) ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❢♦r ❛❧❧ x ∈ Rd✳ ❍❡♥❝❡ ✭✸✳✺✮ ❤♦❧❞s✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✭✷✳✶✻✮ ❤♦❧❞s✱ s♦ t❤❛t V 0(x) = V0v0(x)✱ x ∈ Rd✳ ▲❡t U ❜❡
❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡❞ n× n ♠❛tr✐① s✉❝❤ t❤❛t
UV0U−1
❞❡❢
== Λ =


Λ1 · · · 0
✳✳✳
✳ ✳ ✳
✳✳✳
0 · · · Λs

 , Λj =


λj 1 0 · · · 0
0 λj 1 · · · 0
✳✳✳
✳✳✳
✳✳✳
✳ ✳ ✳
✳✳✳
0 0 0 · · · 1
0 0 0 · · · λj

 ,
✶✷
✇❤❡r❡ Λj ∈ Mnj (C)✱ j = 1✱ ✳ ✳ ✳ ✱ s✳ ❉❡✜♥❡ ψ
′ = Uψ0U−1✳ ❚❤❡♥ ψ′ s❛t✐s✜❡s t❤❡
❡q✉❛t✐♦♥
ψ′(x, k) = eikxIdn +
∫
Rd
G(x− y, k)Λv0(y)ψ′(y, k) dy. ✭✸✳✽✮
❙✐♥❝❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✽✮ ✐s ✉♥✐q✉❡ ✐t ❢♦❧❧♦✇s t❤❛t ψ′ ❤❛s t❤❡ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧
❢♦r♠✿
ψ′ =


ψ′1 · · · 0
✳✳✳
✳ ✳ ✳
✳✳✳
0 · · · ψ′s

 ,
✇❤❡r❡ ψ′j ∈Mnj (C)✱ j = 1✱ ✳ ✳ ✳ ✱ s✳ ❍❡♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❤♦❧❞ ❛♥❞ ❤❛✈❡
t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥s✿
ψ′j(x, k) = e
ikxIdnj +
∫
Rd
G(x− y, k)Λjv
0(y)ψ′j(y, k) dy, ✭✸✳✾✮
✇❤❡r❡ j = 1✱ ✳ ✳ ✳ ✱ s✳
❲❡ ✇r✐t❡ ψ′j,il ❢♦r t❤❡ ❡❧❡♠❡♥t ✐♥ ♣♦s✐t✐♦♥ (i, l) ✐♥ ♠❛tr✐① ψ
′
j ✳ ❋✐① j ❛♥❞
❝♦♥s✐❞❡r t❤❡ ❧❛st r♦✇ ♦❢ ♠❛tr✐① ❡q✉❛t✐♦♥ ✭✸✳✾✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿
ψ′j,il(x, k) = λj
∫
Rd
G(x− y, k)v0(y)ψ′j,il(y, k) dy, i = nj , l < nj . ✭✸✳✶✵✮
❲❡ ❝❧❛✐♠ t❤❛t ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❤❛s ♦♥❧② t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t✱ ♦♥
t❤❡ ❝♦♥tr❛r②✱ t❤❡r❡ ✐s ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ φ t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮✳ ❚❤❡♥ ✇❡ ❝❛♥
❝♦♥str✉❝t ❛ s♦❧✉t✐♦♥ ψ˜′j t♦ ✭✸✳✾✮ ❞✐✛❡r❡♥t ❢r♦♠ ψ
′
j ✱ ♣✉tt✐♥❣ ψ˜
′
j,11 = ψ
′
j,11 + φ
❛♥❞ ψ˜′j,il = ψ
′
j,il ❢♦r ❛❧❧ ♦t❤❡r i✱ l✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ✇❡ s❤♦✇❡❞ t❤❛t
❡q✉❛t✐♦♥ ✭✸✳✾✮ ❤❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤✐s s❤♦✇s t❤❛t ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❤❛s
♦♥❧② t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❛♥❞ ψ′j,il ≡ 0 ❢♦r i = nj ❛♥❞ l < nj ✳
❲r✐t✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ❝♦♠♣♦♥❡♥t✇✐s❡ ❢♦r r♦✇s ✇✐t❤ ♥✉♠❜❡rs i = nj−1✱
✳ ✳ ✳ ✱ 2 ✇❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ψ′j,il ≡ 0 ❢♦r i > l✳
❋✐① i✱ l ✇✐t❤ i 6= l✳ ❙✉❜tr❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ❢♦r t❤❡ ❡❧❡♠❡♥t ✐♥ ♣♦s✐t✐♦♥
(l, l) ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ❢♦r t❤❡ ❡❧❡♠❡♥t ✐♥ ♣♦s✐t✐♦♥ (i, i) ✇❡ ❣❡t t❤❡ ❡q✉❛t✐♦♥
ψ′j,ii(x, k)− ψ
′
j,ll(x, k) = λj
∫
Rd
G(x− y, k)v0(y)
(
ψ′j,ii(y, k)− ψ
′
j,ll(y, k)
)
dy.
❙✐♥❝❡ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❤❛s ♦♥❧② t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t ψ′j,ii ≡ ψ
′
j,ll✳
◆♦✇ ✜① i✱ l ✇✐t❤ i 6= l✱ i > 1✱ l > 1✳ ❲r✐t❡ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ❢♦r t❤❡ ❡❧❡♠❡♥ts ✐♥
♣♦s✐t✐♦♥s (i − 1, i) ❛♥❞ (l − 1, l) ❛♥❞ s✉❜tr❛❝t ♦♥❡ ❢r♦♠ ❛♥♦t❤❡r✳ ❚❤✐s ❧❡❛❞s t♦
❡q✉❛t✐♦♥
ψ′j,i−1,i(x, k)− ψ
′
j,l−1,l(x, k) = λj
∫
Rd
G(x− y, k)×
×v0(y)
(
ψ′j,i−1,i(y, k)− ψ
′
j,l−1,l(y, k)
)
dy + ψ′j,ii(x, k)− ψ
′
j,ll(x, k).
✶✸
❇✉t ✇❡ s❤♦✇❡❞ t❤❛t ψ′j,ii ≡ ψ
′
j,ll ❛♥❞ t❤❛t ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❤❛s ♦♥❧② t❤❡ tr✐✈✐❛❧
s♦❧✉t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ψ′j,i−1,i ≡ ψ
′
j,l−1,l✳
Pr♦❝❡❡❞✐♥❣ ✐♥❞✉❝t✐✈❡❧②✱ ✇❡ ♦❜t❛✐♥ t❤❛t ψ′j ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣♣❡r tr✐❛♥❣✉❧❛r
❢♦r♠✿
ψ′j =


ψ′j,11 ψ
′
j,12 ψ
′
j,13 · · · ψ
′
j,1,n−1 ψ
′
j,1n
0 ψ′j,11 ψ
′
j,12 · · · ψ
′
j,1,n−2 ψ
′
j,1,n−1
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳✳✳
✳✳✳
0 0 0 · · · ψ′j,11 ψ
′
j,12
0 0 0 · · · 0 ψ′j,11

 .
■t ❢♦❧❧♦✇s t❤❛t ψ′j(x, k) ❝♦♠♠✉t❡s ✇✐t❤ Λj ❢♦r ❛❧❧ x ∈ R
d✱ j = 1✱ ✳ ✳ ✳ ✱ s✳ ❍❡♥❝❡
ψ′(x, k) ❝♦♠♠✉t❡s ✇✐t❤ Λ ❛♥❞ ψ(x, k) ❝♦♠♠✉t❡s ✇✐t❤ V0 ❢♦r ❛❧❧ x ∈ Rd✳ Pr♦♣✲
❡rt② ✭✸✳✺✮ ✐s ♣r♦✈❡❞✳
❋♦r♠✉❧❛ ✭✸✳✻✮ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳
❚❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✼✮ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ n = 1 ✇❛s ❣✐✈❡♥ ✐♥ ❬◆♦✸❪✳ ❚❤✐s ♣r♦♦❢
❛❧s♦ ✇♦r❦s ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ n ≥ 2 ✐❢ ❡✐t❤❡r ✭✷✳✶✺✮ ♦r ✭✷✳✶✻✮ ❤♦❧❞s✳
❘❡♠❛r❦ ✸✳✶✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇✐t❤ ▲❡♠♠❛ ✸✳✶ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ✐❢ V 0 ∈
L∞c (R
d) s❛t✐s✜❡s ❡✐t❤❡r ✭✷✳✶✺✮ ♦r ✭✷✳✶✻✮✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❤♦❧❞✿
V 0(x)ψ0γ(x, k) = ψ
0
γ(x, k)V
0(x), ✭✸✳✶✶✮
V 0(x)R0γ(x, y, k) = R
0
γ(x, y, k)V
0(x), ✭✸✳✶✷✮
R0γ(x, y, k) = R
0
−γ(y, x,−k), ✭✸✳✶✸✮
✇❤❡r❡ γ ∈ Sd−1✱ x✱ y ∈ Rd✱ x 6= y✱ k ∈ Rd \ (0 ∪ EV 0,γ)❀
V 0(x)ψ+,0(x, k) = ψ+,0(x, k)V 0(x), ✭✸✳✶✹✮
V 0(x)R+,0(x, y, k) = R+,0(x, y, k)V 0(x), ✭✸✳✶✺✮
R+,0(x, y, k) = R+,0(y, x,−k), ✭✸✳✶✻✮
✇❤❡r❡ x✱ y ∈ Rd✱ x 6= y✱ k ∈ Rd \ (0 ∪ E+V 0)✳
▲❡♠♠❛ ✸✳✷✳ ▲❡t V 0 ∈ L∞c (R
d)✳ ❚❤❡♥✿
✶✳ ✐❢ k, l ∈ Cd \ Rd✱ k2 = l2✱ Im k = Im l✱ k 6∈ EV 0 ✱ t❤❡♥ l 6∈ EV 0 ❛♥❞ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❤♦❧❞s✿
R0(x, y, k) = R0(x, y, l), ✭✸✳✶✼✮
✇❤❡r❡ x✱ y ∈ Rd✱ x 6= y❀
✷✳ ✐❢ k✱ l ∈ Rd \ 0✱ k2 = l2✱ k 6∈ E+V 0 ✱ t❤❡♥ l 6∈ E
+
V 0 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛
❤♦❧❞s✿
R+,0(x, y, k) = R+,0(x, y, l), ✭✸✳✶✽✮
✇❤❡r❡ x✱ y ∈ Rd✱ x 6= y✳
✶✹
Pr♦♦❢✳ P❛rt ✶ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✼✮ ❛♥❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ♦❢ ❘❡❢✳ ❬❍◆✶❪✿
G(x, k) = G(x, l), x ∈ Rd \ 0, k, l ∈ Cd \ Rd, k2 = l2, Im k = Im l.
P❛rt ✷ ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛s ✭✷✳✶✼✮✱ ✭✷✳✶✾✮ ❛♥❞ ❢r♦♠ ✐❞❡♥t✐t②
G+(x, k) = G+(x, l), x ∈ Rd \ 0, k, l ∈ Rd \ 0, k2 = l2,
✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧✲❦♥♦✇♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s✿
G+(x, k) = −
i
4
H
(1)
0 (|k||x|), d = 2,
G+(x, k) = −
ei|k||x|
4π|x|
, d = 3,
✇❤❡r❡ H
(1)
0 ✐s t❤❡ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞✳
✸✳✸ ❘❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✽✮✱ ✭✶✳✶✶✮ ❛♥❞ ❢♦r♠✉❧❛s
✭✶✳✶✵✮✱ ✭✶✳✶✸✮ ✐♥ t❡r♠s ♦❢ ❜❛❝❦❣r♦✉♥❞ ❝♦❡✣❝✐❡♥ts
❙✉❜tr❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ✇r✐tt❡♥ ❢♦r ψ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✶✳✶✶✮ ✇r✐tt❡♥ ❢♦r ψ0
✇❡ ♦❜t❛✐♥ ❢♦r♠✉❧❛
ψ(x, k)− ψ0(x, k)−
∫
Rd
G(x− y, k)V 0(y)(ψ(y, k)− ψ0(y, k)) dy
=
∫
Rd
G(x− y, k)
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ψ(y, k) dy,
✇❤❡r❡ x ∈ Rd✱ k ∈ Cd \ (Rd ∪ E ∪ EV 0)✳ ❈♦♠♣❛r✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤ ✭✷✳✶✼✮✱
✇❡ ♦❜t❛✐♥
ψ(x, k) = ψ0(x, k) +
∫
Rd
R0(x, y, k)×
×
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ψ(y, k) dy,
✭✸✳✶✾✮
✇❤❡r❡ x ∈ Rd✱ k ∈ Cd \ (Rd ∪ E ∪ EV 0)✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿
ψγ(x, k) = ψ
0
γ(x, k) +
∫
Rd
R0γ(x, y, k)×
×
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ψ+γ (y, k) dy,
✭✸✳✷✵✮
✶✺
✇❤❡r❡ γ ∈ Sd−1✱ x ∈ Rd✱ k ∈ Rd \ (0 ∪ Eγ ∪ EV 0,γ)❀
ψ+(x, k) = ψ+,0(x, k) +
∫
Rd
R+,0(x, y, k)×
×
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ψ+(y, k) dy,
✭✸✳✷✶✮
✇❤❡r❡ x ∈ Rd✱ k ∈ Rd \ (0 ∪ E+ ∪ E+V 0)✳
❋r♦♠ ❢♦r♠✉❧❛ ✭✸✳✶✾✮ ✇✐t❤ A1 ≡ 0✱ ✳ ✳ ✳ ✱ Ad ≡ 0✱ V ≡ 0 ❛♥❞ ❢r♦♠ ❢♦r♠✉❧❛s
✭✸✳✻✮✱ ✭✸✳✼✮✱ ✭✸✳✶✼✮ ✇❡ ♦❜t❛✐♥
e−ilxIdn = ψ
0(x,−l)−
∫
Rd
e−ilyV 0(y)R0(y, x, k) dy, ✭✸✳✷✷✮
✇❤❡r❡ x ∈ Rd✱ k✱ l ∈ Cd \ Rd✱ k2 = l2✱ Im k = Im l✱ k 6∈ EV 0 ✳
❋✉rt❤❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ❡q✉❛❧✐t✐❡s✿
(2π)dh(k, l)
✭✶✳✶✸✮
==
∫
Rd
e−ilxV 0(x)ψ(x, k) dx
+
∫
Rd
e−ilx
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
ψ(x, k) dx
✭✸✳✷✷✮
==
∫
Rd
e−ilxV 0(x)ψ(x, k) dx+
∫
Rd
ψ0(x,−l)×
×
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
ψ(x, k) dx
−
∫
Rd
e−ilyV 0(y)
∫
Rd
R0(y, x, k)×
×
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
ψ(x, k) dx dy,
✇❤❡r❡ k✱ l ∈ Cd \ Rd✱ k2 = l2✱ Im k = Im l✱ k 6∈ E ∪ EV 0 ✳
❋r♦♠ t❤✐s ❢♦r♠✉❧❛ ❛♥❞ ❢♦r♠✉❧❛ ✭✸✳✶✾✮ ✐t ❢♦❧❧♦✇s t❤❛t
h(k, l) = h0(k, l) + (2π)−d
∫
Rd
ψ0(x,−l)×
×
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
ψ(x, k) dx,
✭✸✳✷✸✮
✇❤❡r❡ k✱ l ∈ Cd \ Rd✱ k2 = l2✱ Im k = Im l✱ k 6∈ E ∪ EV 0 ✳
✶✻
■♥ ❛ s✐♠✐❧❛r ✇❛② ✇✐t❤ ❢♦r♠✉❧❛ ✭✸✳✷✸✮✱ ✉s✐♥❣ ❢♦r♠✉❧❛s ✭✸✳✷✶✮✱ ✭✸✳✶✺✮✱ ✭✸✳✶✻✮✱
✭✸✳✶✽✮ ✐♥st❡❛❞ ♦❢ ✭✸✳✶✾✮✱ ✭✸✳✻✮✱ ✭✸✳✼✮✱ ✭✸✳✶✼✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❢♦r♠✉❧❛
f(k, l) = f0(k, l) + (2π)−d
∫
Rd
ψ+,0(x,−l)×
×
(
−2i
d∑
j=1
Aj(x)∂xj + V (x)− V
0(x)
)
ψ+(x, k) dx,
✭✸✳✷✹✮
✇❤❡r❡ k✱ l ∈ Rd \ 0✱ k2 = l2✱ k 6∈ E+ ∪ E+V 0 ✳
✸✳✹ ❚❤❡ ✜♥❛❧ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶′
■t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛s ✭✸✳✺✮✱ ✭✸✳✶✹✮ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ✐❞❡♥t✐t② ✭✸✳✶✮ t♦ ✭✸✳✷✸✮
❛♥❞ ✭✸✳✷✹✮✳ ❆♣♣❧②✐♥❣ ✭✸✳✶✮ t♦ ✭✸✳✷✸✮ ❛♥❞ ✭✸✳✷✹✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✷✺✮ ❛♥❞ ✭✷✳✸✶✮✱
r❡s♣❡❝t✐✈❡❧②✳
❲❡ r❡❝❛❧❧ t❤❛t ❢✉♥❝t✐♦♥ G(x, k) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❛t ✜①❡❞ k ∈
C
d \ Rd✱ s❡❡✱ ❡✳❣✳✱ ❬❋❛✶❪✿
∆xG(x, k) + k
2G(x, k) = δ(x). ✭✸✳✷✺✮
■t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛s ✭✷✳✶✼✮✱ ✭✷✳✷✵✮✱ ✭✷✳✷✸✮✱ ✭✸✳✷✺✮ t❤❛t R0(x, y, k) ❛t ✜①❡❞
k ∈ Cd \ (Rd ∪ EV 0)✱ s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥s✿
(∆x − V
0(x) + k2)R(x, y, k) = δy(x)Idn, ❛t ✜①❡❞ y ∈ R
d,
(∆y − V
0(y) + k2)R(x, y, k) = δx(y)Idn, ❛t ✜①❡❞ x ∈ R
d.
✭✸✳✷✻✮
❚❛❦✐♥❣ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✱ ✉s✐♥❣ ❢♦r♠✉❧❛ ✭✸✳✻✮✱ ❛♣♣❧②✐♥❣ ✐❞❡♥t✐t② ✭✸✳✶✮ t♦ ✭✸✳✶✾✮
✇✐t❤ x 6∈ D ❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❢♦r♠✉❧❛ ❛s x t❡♥❞s t♦ ❛ ♣♦✐♥t
❛t ∂D✱ ✇❡ ♦❜t❛✐♥ ❢♦r♠✉❧❛ ✭✷✳✷✻✮✳ ❋♦r♠✉❧❛s ✭✷✳✷✾✮ ❛♥❞ ✭✷✳✸✷✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✐❢ ✇❡ ✉s❡ ❡q✉❛t✐♦♥s ✭✸✳✷✵✮ ❛♥❞ ✭✸✳✷✶✮ ✐♥st❡❛❞ ♦❢ ✭✸✳✶✾✮✳
❲❡ ✇✐❧❧ ♣r♦✈❡ ❢♦r♠✉❧❛ ✭✷✳✷✽✮ ✉s✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❘❡❢✳ ❬◆♦✹❪✳ ◆♦t❡ t❤❛t ❢♦r♠✉❧❛
✭✷✳✷✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠
eilxIdn − ψ˜
0
γ(x, k, l)−
∫
Rd
Gγ(x− y, k)V
0(y)
(
eily − ψ˜0γ(y, k, l)
)
dy
= −
∫
Rd
G(x− y, k)V 0(y)eily dy.
✭✸✳✷✼✮
❋r♦♠ ❢♦r♠✉❧❛s ✭✷✳✶✵✮✱ ✭✷✳✶✼✮✱ ✭✷✳✶✽✮ ✐t ❢♦❧❧♦✇s t❤❛t ❢✉♥❝t✐♦♥ R0γ(·, y, k) ✐s ✇❡❧❧✲
❞❡✜♥❡❞ ❛t ✜①❡❞ y ∈ Rd✱ k ∈ Rd \ (0 ∪ EV 0,γ) ❛♥❞ s❛t✐s✜❡s
R0γ(x, y, k) = Gγ(x− y, k) +
∫
Rd
Gγ(x− z, k)V
0(z)R0γ(z, y, k) dz, ✭✸✳✷✽✮
✶✼
✇❤❡r❡ x✱ y ∈ Rd✱ γ ∈ Sd−1✱ k ∈ Rd \ (0 ∪ EV 0,γ)✳
❈♦♠♣❛r✐♥❣ ✭✸✳✷✼✮ ✇✐t❤ ✭✸✳✷✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿
eilxIdn = ψ˜
0
γ(x, k, l)−
∫
Rd
R0γ(x, y, k)V
0(y)eily dy, ✭✸✳✷✾✮
✇❤❡r❡ x ∈ Rd✱ k ∈ Rd \ (0 ∪ EV 0,γ)✱ l ∈ R
d✱ k2 = l2✱ γ ∈ Sd−1✳
❘❡♣❧❛❝✐♥❣ k✱ l✱ γ ❜② −k✱ −l✱ −γ ✐♥ ❢♦r♠✉❧❛ ✭✸✳✷✾✮ ❛♥❞ ✉s✐♥❣ ❢♦r♠✉❧❛s ✭✸✳✶✷✮✱
✭✸✳✶✸✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛❧✐t②
e−ilxIdn = ψ˜
0
−γ(x,−k,−l)−
∫
Rd
e−ilyV 0(y)R0γ(y, x, k) dy, ✭✸✳✸✵✮
✇❤❡r❡ x ∈ Rd✱ k✱ l ∈ Rd \ 0✱ k2 = l2✱ k 6∈ EV 0,γ ✱ γ ∈ S
d−1✳
❋♦r♠✉❧❛ ✭✸✳✸✵✮ ✐s ❛♥ ❛♥❛❧♦❣ ♦❢ ❢♦r♠✉❧❛ ✭✸✳✷✷✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡
♣r♦♦❢ ♦❢ ✭✷✳✷✽✮ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❢♦r♠✉❧❛ ✭✷✳✷✺✮✳
✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷′
✹✳✶ ❆✉①✐❧❛r② r❡s✉❧ts
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ❢✉♥❝t✐♦♥ ψ✿
 Lψ ≡ −∆ψ − 2i
d∑
j=1
Aj(x)∂xjψ + V (x)ψ = Eψ, x ∈ D,
ψ|∂D = ϕ,
✭✹✳✶✮
✇❤❡r❡ ϕ ✐s s♦♠❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ♦♥ ∂D✳
❖✉r ❣♦❛❧ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳
▲❡♠♠❛ ✹✳✶✳ ▲❡t A1✱ ✳ ✳ ✳ ✱ Ad✱ V ∈ C
0,α
c (D,Mn(C)) ❢♦r s♦♠❡ 0 < α ≤ 1✳
❙✉♣♣♦s❡ t❤❛t E ✐s ♥♦t ❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r ♦♣❡r❛t♦rs L ❛♥❞ −∆ ✐♥ D✳
❚❤❡♥✿
✶✳ ❢♦r ❛♥② ϕ ∈ C1,β(∂D,Mn(C))✱ 0 < β < 1✱ t❤❡r❡ ❡①✐sts t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥
ψ ∈ C2(D,Mn(C)) ∩ C
1(D,Mn(C)) t♦ ♣r♦❜❧❡♠ ✭✹✳✶✮❀
✷✳ ψ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ❝❧❛ss C1(D,Mn(C)) t♦ ❡q✉❛t✐♦♥
ψ(x) = ψ0(x) +
∫
D
Γ(x, y, k)
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)
)
ψ(y) dy, ✭✹✳✷✮
✇❤❡r❡ Γ(x, y, k) ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❢♦r ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ♦♣❡r❛t♦r
∆ + E ✐♥ D✱ E = k2✱ ❛♥❞ ψ0 ∈ C2(D,Mn(C)) ∩ C
1(D,Mn(C))✱ ✐s t❤❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠{
∆ψ0 + Eψ0 = 0 ✐♥ D,
ψ0|∂D = ϕ;
✭✹✳✸✮
✶✽
✸✳ t❤❡ ♦♣❡r❛t♦r S : C1,β(∂D,Mn(C)) → C
1(D,Mn(C))✱ S(ϕ) = ψ✱ ✐s ❛ ❝♦♥✲
t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r✳
❲❡ ♥❡❡❞ t✇♦ ♦t❤❡r ❧❡♠♠❛s t♦ ♣r♦✈❡ ▲❡♠♠❛ ✹✳✶✳
▲❡♠♠❛ ✹✳✷✳ ▲❡t A1✱ ✳ ✳ ✳ ✱ Ad✱ V ∈ C
0,α
c (D,Mn(C)) ❢♦r s♦♠❡ 0 < α ≤ 1✳
❙✉♣♣♦s❡ t❤❛t E ✐s ♥♦t ❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r ♦♣❡r❛t♦r L ✐♥ D✳ ❚❤❡♥✿
✶✳ ❢♦r ❛♥② ψ0 ∈ C1(D,Mn(C))∩C
2(D,Mn(C)) s❛t✐s❢②✐♥❣ (∆+E)ψ
0 = 0 ✐♥
D t❤❡r❡ ❡①✐sts t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ψ ∈ C1(D,Mn(C)) t♦ ❡q✉❛t✐♦♥ ✭✹✳✷✮❀
✷✳ ψ ❜❡❧♦♥❣s t♦ C2(D,Mn(C)) ❛♥❞ s❛t✐s✜❡s ✭✹✳✶✮ ✇✐t❤ ϕ = ψ
0|∂D❀
✸✳ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ ψ0✱ s✉❝❤ t❤❛t
‖ψ‖C1(D) ≤ C‖ψ
0‖C1(D). ✭✹✳✹✮
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳ ✶✳ ❘❡❞✉❝t✐♦♥ t♦ ❛ s②st❡♠ ♦❢ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✐♥tr♦✲
❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿
ψ0(x) = ψ(x), ψj(x) = ∂xjψ(x), j = 1, . . . , d,
ψ00(x) = ψ
0(x), ψ0j (x) = ∂xjψ
0(x), j = 1, . . . , d,
a0(x) = V (x), aj(x) = −2iAj(x), j = 1, . . . , d,
Γ0(x, y, k) = Γ(x, y, k), Γj(x, y, k) = ∂xjΓ(x, y, k), j = 1, . . . , d.
❉✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✹✳✷✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ❧✐♥❡❛r
✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❢♦r ψj ∈ C(D)✱ j = 0✱ ✳ ✳ ✳ ✱ d✿
ψj(x) = ψ
0
j (x) +
d∑
m=0
∫
D
Γj(x, y, k)am(y)ψm(y) dy, j = 0, . . . , d. ✭✹✳✺✮
❙②st❡♠ ✭✹✳✺✮ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❋r❡❞❤♦❧♠ ❡q✉❛t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ✐♥ s♣❛❝❡
(C(D,Mn(C)))
d+1✳
❙✉♣♣♦s❡ t❤❛t ❢✉♥❝t✐♦♥s ψj ∈ C(D,Mn(C))✱ j = 0✱ ✳ ✳ ✳ ✱ d✱ s♦❧✈❡ ✭✹✳✺✮✳ ❉❡♥♦t❡
ψ = ψ0✳ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✹✳✺✮ ✐♠♣❧✐❡s t❤❛t ψ ∈ C
1(D,Mn(C))✳ ❉✐✛❡r❡♥✲
t✐❛t✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ x1✱ ✳ ✳ ✳ ✱ xd✱ ✇❡ s❡❡ t❤❛t ∂xjψ = ψj ✳
❍❡♥❝❡ ψ s❛t✐s✜❡s ✭✹✳✷✮✳
❖♥❡ ❝❛♥ s❡❡ t❤❛t s♦❧✉t✐♦♥s ψ ♦❢ ❝❧❛ss C1(D,Mn(C)) t♦ ✭✹✳✷✮ ❛r❡ ✐♥ ❜✐❥❡❝t✐✈❡
❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ s♦❧✉t✐♦♥s ψj ∈ C(D,Mn(C))✱ j = 0✱ ✳ ✳ ✳ ✱ d✱ t♦ s②st❡♠ ✭✹✳✺✮✳
✷✳ ❙♠♦♦t❤♥❡ss ♦❢ s♦❧✉t✐♦♥ t♦ ✭✹✳✷✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❞❛✲
♠❡♥t❛❧ s♦❧✉t✐♦♥ Γ t❤❛t ❛♥② s♦❧✉t✐♦♥ ψ ∈ C1(D,Mn(C)) t♦ ✭✹✳✷✮ ❜❡❧♦♥❣s t♦
C1,γ❧♦❝ (D,Mn(C)) ✭t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ Mn(C)✲✈❛❧✉❡❞ ❢✉♥❝✲
t✐♦♥s ♦♥ D ✇✐t❤ ❧♦❝❛❧❧② ❍☎♦❧❞❡r ❝♦♥t✐♥✉♦✉s ❞❡r✐✈❛t✐✈❡s✮ ❢♦r ❛♥② 0 < γ < 1✳
■♥ ❛ s✐♠✐❧❛r ✇❛② ✇✐t❤ ▲❡♠♠❛ ✹✳✷✱ ♣✳ ✺✺ ♦❢ ❬●❚❪ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❡♥ t❤❛t
ψ ∈ C2(D,Mn(C)) ❛♥❞ t❤❛t ψ s❛t✐s✜❡s ✭✹✳✶✮ ✇✐t❤ ϕ = ψ
0|∂D✳
✸✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✳ ❆s ✇❡ ♥♦t❡❞ ✐♥ ♣❛rt ✶ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s
❧❡♠♠❛✱ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✹✳✺✮ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❋r❡❞❤♦❧♠ ❡q✉❛t✐♦♥ ♦❢
s❡❝♦♥❞ ❦✐♥❞ ✐♥ ❇❛♥❛❝❤ s♣❛❝❡ (C(D,Mn(C)))
d+1✳ ❚♦ s❤♦✇ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ❤❛s
✶✾
t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣❡♥❡♦✉s
❡q✉❛t✐♦♥ ❤❛s ♦♥❧② t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥✳ ❇✉t ✐❢ ❢♦❧❧♦✇s ❢r♦♠ ♣❛rts ✶✱ ✷ ♦❢ t❤❡ ♣r♦♦❢
t❤❛t ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥ ❣✐✈❡s r✐s❡ t♦ ❛ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮
✇✐t❤ ③❡r♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❙✐♥❝❡ E ✐s ♥♦t ❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r L ✐♥ D✱
✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✹✳✺✮ ❝❛♥ ❤❛✈❡ ♦♥❧②
t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥✳
❍❡♥❝❡✱ ✉s✐♥❣ ♣❛rt ✶ ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ ♦❜t❛✐♥ t❤❛t s②st❡♠ ✭✹✳✺✮ ❤❛s t❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ ❛♥❞ t❤✐s s♦❧✉t✐♦♥ ❣✐✈❡s r✐s❡ t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ψ ∈ C1(D,Mn(C))
t♦ ✭✹✳✷✮✳ ❇② ♣❛rt ✷ ♦❢ t❤❡ ♣r♦♦❢ t❤✐s ❢✉♥❝t✐♦♥ ψ ❜❡❧♦♥❣s t♦ C2(D,Mn(C)) ❛♥❞
s❛t✐s✜❡s ✭✹✳✶✮ ✇✐t❤ ϕ = ψ0|∂D✳
Pr♦♣❡rt② ✸ ❢♦❧❧♦✇s ❢r♦♠ ❋r❡❞❤♦❧♠ ❛❧t❡r♥❛t✐✈❡ ❢♦r s②st❡♠ ✭✹✳✺✮ ✇❤✐❝❤ ❛ss❡rts
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ✐♥✈❡rs❡ ❢♦r ❋r❡❞❤♦❧♠ ♦♣❡r❛t♦r ♦❢ ✭✹✳✺✮✳
▲❡♠♠❛ ✹✳✸✳ ❙✉♣♣♦s❡ t❤❛t E ✐s ♥♦t ❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r ♦♣❡r❛t♦r −∆ ✐♥
D✳ ❚❤❡♥ ❢♦r ❛♥② ϕ ∈ C1,β(∂D,Mn(C))✱ 0 < β < 1✱ t❤❡r❡ ❡①✐sts t❤❡ ✉♥✐q✉❡ ψ
0 ∈
C2(D,Mn(C)) ∩ C
1(D,Mn(C)) s♦❧✈✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ✭✹✳✸✮✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡r❡ ❡①✐sts s✉❝❤ Cβ > 0✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ ϕ✱ t❤❛t
‖ψ0‖C1(D) ≤ Cβ‖ϕ‖C1,β(∂D). ✭✹✳✻✮
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡ s✐♥❝❡ E ✐s ♥♦t ❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡
❢♦r −∆✳ ❚♦ s❤♦✇ ❡①✐st❡♥❝❡✱ ✇❡ ❝❛♥ r❡❞✉❝❡ ♣r♦❜❧❡♠ ✭✹✳✶✮ t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣
❋r❡❞❤♦❧♠ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ♦❢ s❡❝♦♥❞ ❦✐♥❞ ❛s ✐♥ ▲❡♠♠❛ ✹✳✷✳
❊①✐st❡♥❝❡ ♦❢ s✉❝❤ Cβ > 0 t❤❛t ✭✹✳✻✮ ❤♦❧❞s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✷✳✶✻✱ ✷✳✷✸
♦❢ ❬❈❑❪✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮ ✐s ✉♥✐q✉❡ s✐♥❝❡ E ✐s ♥♦t
❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r L ✐♥ D✳
◆♦✇ ❧❡t ψ0 ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✸✮ ❝♦♥str✉❝t❡❞ ✐♥ ▲❡♠♠❛ ✹✳✸✳ ❚❤❡♥
▲❡♠♠❛ ✹✳✷ ❣✐✈❡s ✉s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮ ✇✐t❤ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳
Pr♦♣❡rt② ✸ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❢♦r♠✉❧❛s ✭✹✳✹✮✱ ✭✹✳✻✮✳
✹✳✷ ❈♦♠♣❛❝t♥❡ss ♦❢ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ✐♥ ❡q✉❛t✐♦♥s ✭✷✳✷✻✮✱
✭✷✳✷✾✮✱ ✭✷✳✸✷✮
■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✐s ❛
❝♦♠♣❛❝t ❧✐♥❡❛r ♦♣❡r❛t♦r ♦♥ C1,β(∂D,Mn(C)) ❢♦r ❛♥② ✜①❡❞ 0 < β < 1✳ ❚❤❡ ❝❛s❡
♦❢ ♦♣❡r❛t♦rs ✐♥ ❡q✉❛t✐♦♥s ✭✷✳✷✾✮✱ ✭✷✳✸✷✮ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳
❚❤r♦✉❣❤♦✉t t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t k ∈ Cd \ (Rd ∪ EV 0) ✐s ✜①❡❞✳
❘❡✇r✐t❡ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿
ψ = ψ0 +R0(k)
(
Φ(E)− ΦV 0(E)
)
ψ, ✭✹✳✼✮
✇❤❡r❡ R0(k) ✐s t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✇✐t❤ ❙❝❤✇❛rt③ ❦❡r♥❡❧ R0(x, y, k)✱ x✱ y ∈ ∂D✳
❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t R0(k) ✐s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ♦♥ t❤❡ s♣❛❝❡
C1,β(∂D,Mn(C))✳ ❚♦ s❤♦✇ t❤✐s ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✷✳✷✵✮✳
✷✵
■t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠s ✷✳✶✷✱ ✷✳✶✼ ♦❢ ❬❈❑❪ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ♦♥
C1,β(∂D,Mn(C)) ✇✐t❤ ❙❝❤✇❛rt③ ❦❡r♥❡❧ G(x− y, k)✱ x✱ y ∈ ∂D✱ ✐s ❝♦♥t✐♥✉♦✉s✳
❚♦ s❡❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✇✐t❤ ❙❝❤✇❛rt③ ❦❡r♥❡❧ eik(x−y)r0(x, y, k)✱ x✱
y ∈ ∂D✱ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ C1,β(∂D,Mn(C))✱ ✇❡ ✇✐❧❧ ✉s❡ ❢♦r♠✉❧❛ ✭✷✳✷✶✮✳
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✶✮✱ ✭✷✳✷✷✮ ✭✐❢ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t V 0 ❤❛s ❛ ❝♦♠♣❛❝t
s✉♣♣♦rt ✐♥ D✮ t❤❛t ❞❡r✐✈❛t✐✈❡s ∂xir
0(x, y, k)✱ ∂xi∂xjr
0(x, y, k)✱ i✱ j = 1✱ ✳ ✳ ✳ ✱
d✱ ❡①✐st ❛♥❞ ❛r❡ ❝♦♥t✐♥✉♦✉s ❢♦r x✱ y ❜❡❧♦♥❣✐♥❣ t♦ s♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s❡t
∂D✳ ❍❡♥❝❡ t❤❡ ♦♣❡r❛t♦r ✇✐t❤ ❙❝❤✇❛rt③ ❦❡r♥❡❧ eik(x−y)r0(x, y, k)✱ x✱ y ∈ ∂D✱
✐s ❝♦♥t✐♥✉♦✉s ♦♥ C1,β(∂D,Mn(C))✳ ❍❡♥❝❡ R
0(k) ✐s ❛❧s♦ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s
♦♣❡r❛t♦r ♦♥ C1,β(∂D,Mn(C))✳
■❢ ✇❡ s❤♦✇ t❤❛t Φ(E)−ΦV 0(E) ✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r ♦♥ C
1,β(∂D,Mn(C))✱
❢♦r♠✉❧❛ ✭✹✳✼✮ ✇✐❧❧ ✐♠♣❧② t❤❛t ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✐♥ ❢♦r♠✉❧❛ ✭✷✳✷✻✮ ✐s ❝♦♠♣❛❝t✳
▲❡t S ❜❡ t❤❡ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ♣❛rt ✸ ♦❢ ▲❡♠♠❛ ✹✳✶✳ ❉❡✜♥❡ SV 0 ❜② t❤❡
s❛♠❡ ❢♦r♠✉❧❛ ✉s✐♥❣ ❝♦❡✣❝✐❡♥ts A01 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0 ✐♥ ✭✹✳✷✮✳
■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✶✱ ♣❛rt ✸✱ t❤❛t S✱ SV 0 ❛r❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛✲
t♦rs ❢r♦♠ C1,β(∂D,Mn(C)) t♦ C
1(D,Mn(C))✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❡q✉❛t✐♦♥ ✭✹✳✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿
Φ(E)− ΦV 0(E) = NS −NV 0SV 0 , ✭✹✳✽✮
✇❤❡r❡ N ✱ NV 0 ❛r❡ t❤❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦rs ❛❝t✐♥❣ ❢r♦♠ C
1(D,Mn(C))
t♦ C2(∂D,Mn(C)) ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✿
(Nψ)(x) =
∫
D
∂Γ
∂νx
(x, y, k)
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)
)
ψ(y) dy,
(NV 0ψ)(x) =
∫
D
∂Γ
∂νx
(x, y, k)V 0(y)ψ(y) dy,
✇❤❡r❡ Γ ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❢♦r ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r ♦♣❡r❛t♦r ∆ + E ✐♥ D
❛♥❞ νx ❞❡♥♦t❡s t❤❡ ✉♥✐t ❡①t❡r✐♦r ♥♦r♠❛❧ t♦ ∂D ❛t x ∈ ∂D✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉t t❤❛t ✐♥❝❧✉s✐♦♥ C2(∂D,Mn(C)) →֒ C
1,β(∂D,Mn(C)) ✐s
❝♦♠♣❛❝t✱ ✇❡ ♦❜t❛✐♥ t❤❛t N ✱ NV 0 ❛r❡ ❝♦♠♣❛❝t ♦♣❡r❛t♦rs ❢r♦♠ C
1(D,Mn(C)) t♦
C1,β(∂D,Mn(C))✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❝♦♥t✐♥✉✐t② ♦❢ S✱ SV 0 ✱ ❢r♦♠ ❝♦♠♣❛❝t♥❡ss ♦❢
N ✱ NV 0 ❛♥❞ ❢r♦♠ ❢♦r♠✉❧❛ ✭✹✳✽✮ t❤❛t Φ(E)− ΦV 0(E) ✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r ♦♥
C1,β(∂D,Mn(C))✳
◆♦✇ ❢♦r♠✉❧❛ ✭✹✳✼✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✐s
❝♦♠♣❛❝t ♦♥ C1,β(∂D,Mn(C))✳
■♥ ❛ s✐♠✐❧❛r ✇❛② ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ✐♥ ❡q✉❛t✐♦♥s
✭✷✳✷✾✮✱ ✭✷✳✸✷✮ ❛r❡ ❝♦♠♣❛❝t✳
✹✳✸ ❯♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❡q✉❛t✐♦♥s ✭✷✳✷✻✮✱ ✭✷✳✷✾✮✱ ✭✷✳✸✷✮
■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣❛rt ✶ ♦❢ ❚❤❡♦r❡♠ ✷✳✷′✳ ❚❤❡
♣r♦♦❢ ♦❢ ♣❛rts ✷✱ ✸ ♦❢ ❚❤❡♦r❡♠ ✷✳✷′ ❝❛♥ ❜❡ ✜♥✐s❤❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳
■♥ ❢❛❝t✱ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳
✷✶
▲❡♠♠❛ ✹✳✹✳ ▲❡t k ∈ Cd \ (Rd∪EV 0)✱ k
2 = E✱ ❛♥❞ 0 < β < 1 ❜❡ ✜①❡❞✳ ❙✉♣♣♦s❡
t❤❛t ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✶′ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ✐s ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ❢♦r ψ ∈ C1,β(∂D,Mn(C)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ ✐s ✉♥✐q✉❡❧②
s♦❧✈❛❜❧❡ ❢♦r ψ(x, k) = eikxµ(x, k) ✇✐t❤ µ ∈W 1,∞(Rd,Mn(C))✳
▲❡♠♠❛ ✹✳✹ ✐♠♣❧✐❡s t❤❡ st❛t❡♠❡♥t ♦❢ ♣❛rt ✶ ♦❢ ❚❤❡♦r❡♠ ✷✳✷′ s✐♥❝❡ ❡q✉❛t✐♦♥
✭✸✳✶✾✮ ❛t ✜①❡❞ k ∈ Cd \ (Rd ∪ EV 0) ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡ ❢♦r ψ(x, k) = e
ikxµ(x, k)
✇✐t❤ µ ∈W 1,∞(Rd,Mn(C)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ k 6∈ E ✳
❇❡❢♦r❡ ♣❛ss✐♥❣ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✹✱ ♥♦t❡ t❤❛t ❢✉♥❝t✐♦♥ ψ0(x, k) ♦❢ ✭✷✳✷✻✮
✐s ❞❡✜♥❡❞ ❛s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✶✮ ✇✐t❤ ❝♦❡✣❝✐❡♥ts A01 ≡ 0✱ ✳ ✳ ✳ ✱ A
0
d ≡ 0✱ V
0✱
s✉❝❤ t❤❛t ψ0(x, k) = eikxµ0(x, k)✱ µ0 ∈ W 1,∞(Rd,Mn(C))✳ ◆♦t❡ t❤❛t ❢✉♥❝t✐♦♥
ψ0(x, k) ❜❡❧♦♥❣s t♦ C2(Rd,Mn(C)) ❛♥❞ s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥
−∆ψ0 + V 0(x)ψ0 = Eψ0, x ∈ Rd. ✭✹✳✾✮
❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣❛rts ✶✱ ✷ ♦❢ ▲❡♠♠❛ ✹✳✷✳
❲❡ ✇✐❧❧ ♣r♦✈❡ ▲❡♠♠❛ ✹✳✹ ✐♥ t✇♦ st❡♣s✳
✶✳ ❊①t❡♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ t♦ ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮✳
▲❡t ϕ ∈ C1,β(D,Mn(C))✱ 0 < β < 1✱ ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮✳ ❲❡ ✇✐❧❧
s❤♦✇ t❤❛t ϕ ❣✐✈❡s r✐s❡ t♦ ❛ s♦❧✉t✐♦♥ ψ(x, k) = eikxµ(x, k)✱ µ ∈W 1,∞(Rd,Mn(C))
t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮✳
▲❡t ϕ+ ∈ C2(D,Mn(C)) ∩ C
1(D,Mn(C)) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮
❣✐✈❡♥ ❜② ▲❡♠♠❛ ✹✳✶✳ ❉❡✜♥❡ ϕ− ❜② ❢♦r♠✉❧❛
ϕ−(x) = ψ0(x, k) +
∫
∂D
A0(x, y, k)ϕ(y) dy, x ∈ Rd \D. ✭✹✳✶✵✮
❯s✐♥❣ ❢♦r♠✉❧❛s ✭✷✳✷✻✮✱ ✭✷✳✷✼✮✱ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿
∫
D
R0(x, y, k)
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ϕ+(y) dy
=
∫
∂D
A(x, y, k)ϕ(y) dy,
✭✹✳✶✶✮
✇❤❡r❡ x ∈ Rd \ D✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✵✮✱ ✭✷✳✷✷✮ t❤❛t ❢♦r♠✉❧❛ ✭✹✳✶✶✮ ❤♦❧❞s ❢♦r
x ∈ Rd \D✳ ❯s✐♥❣ ❢♦r♠✉❧❛s ✭✹✳✶✵✮✱ ✭✹✳✶✶✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r♠✉❧❛
ϕ−(x) = ψ0(x, k) +
∫
D
R0(x, y, k)×
×
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ϕ+(y) dy,
✭✹✳✶✷✮
✇❤❡r❡ x ∈ Rd \ D✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✵✮✱ ✭✷✳✷✶✮✱ ✭✷✳✷✷✮✱ ✭✹✳✶✷✮ t❤❛t ϕ− ∈
C1(Rd \D,Mn(C))✳
✷✷
◆♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❤♦❧❞s✿
∫
D
R0(x, y, k)
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ϕ+(y) dy
=
∫
D
δx(y)ϕ
+(y) dy +
∫
∂D
(
R0(x, y, k)
∂ϕ+(y)
∂νy
−
∂R0
∂νy
(x, y, k)ϕ(y)
)
dy,
✭✹✳✶✸✮
✇❤❡r❡ x 6∈ ∂D✳
❋♦r♠✉❧❛ ✭✹✳✶✸✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ❡q✉❛❧✐t✐❡s✿
∫
D
R0(x, y, k)
(
−2i
d∑
j=1
Aj(y)∂yj + V (y)− V
0(y)
)
ϕ+(y) dy
✭✹✳✶✮
==
∫
D
R0(x, y, k)
(
∆+ E − V 0(y)
)
ϕ+(y) dy
✭✸✳✻✮
==
∫
D
(
∆y + E − V
0(y)
)
R0(x, y, k)ϕ+(y) dy
+
∫
∂D
(
R0(x, y, k)
∂ϕ+
∂νy
(y)−
∂R0
∂νy
(x, y, k)ϕ(y)
)
dy
✭✸✳✷✻✮
==
∫
D
δx(y)ϕ
+(y) dy +
∫
∂D
(
R0(x, y, k)
∂ϕ+
∂νy
(y)−
∂R0
∂νy
(x, y, k)ϕ(y)
)
dy.
❯s✐♥❣ ❢♦r♠✉❧❛s ✭✹✳✶✷✮✱ ✭✹✳✶✸✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r♠✉❧❛
ϕ−(x) = ψ0(x, k) +
∫
∂D
(
R0(x, y, k)
∂ϕ+
∂νy
(y)−
∂R0
∂νy
(x, y, k)ϕ(y)
)
dy, ✭✹✳✶✹✮
✇❤❡r❡ x ∈ Rd \D✳
■t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛s ✭✷✳✶✼✮✱ ✭✷✳✷✵✮✱ ✭✷✳✷✷✮ ❛♥❞ ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣r♦♣❡rt✐❡s ♦❢ s✐♥❣❧❡ ❛♥❞ ❞♦✉❜❧❡ ❧❛②❡r ♣♦t❡♥t✐❛❧s t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❛r❡
✈❛❧✐❞✿∫
∂D
R0(x+ 0νx, y, k)
∂ϕ+
∂νy
(y) dy =
∫
∂D
R0(x− 0νx, y, k)
∂ϕ+
∂νy
(y) dy,
∫
∂D
∂R0
∂νy
(x+ 0νx, y, k)ϕ(y) dy = −ϕ(x) +
∫
∂D
∂R0
∂νy
(x− 0νx, y, k)ϕ(y) dy,
✭✹✳✶✺✮
✇❤❡r❡ νx ✐s t❤❡ ✉♥✐t ❡①t❡r✐♦r ♥♦r♠❛❧ t♦ ∂D ❛t x ∈ ∂D✱ ❛♥❞ t❤❡ ❛r❣✉♠❡♥t x+0νx
✭♦r x−0νx✮ ♠❡❛♥s t❤❛t ✇❡ ❡✈❛❧✉❛t❡ ❢✉♥❝t✐♦♥ ❛t x+ ενx ✭♦r x− ενx✮✱ ε > 0✱ ❛♥❞
t❤❡♥ ♣❛ss ε→ +0✳
✷✸
❇❡s✐❞❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✷✻✮✱ ✭✹✳✶✸✮ ❛♥❞ ❢r♦♠ ❞❡✜♥✐t✐♦♥
♦❢ ❢✉♥❝t✐♦♥ ϕ+✿
(
∆x − V
0(x) + E
)(∫
∂D
R0(x, y, k)
∂ϕ+
∂νy
(y) dy
−
∫
∂D
∂R0
∂νy
(x, y, k)ϕ(y) dy
)
= 0,
✭✹✳✶✻✮
✇❤❡r❡ x ∈ D✳
❋♦r♠✉❧❛s ✭✹✳✾✮✱ ✭✹✳✶✻✮ ✐♠♣❧② t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢
❡q✉❛t✐♦♥ ✭✹✳✶✹✮ ✐s ❛♥♥✐❤✐❧❛t❡❞ ❜② ♦♣❡r❛t♦r ∆− V 0 +E ✐♥ D ❛♥❞ ❢♦r♠✉❧❛ ✭✹✳✶✺✮
t♦❣❡t❤❡r ✇✐t❤ ♣r♦♣❡rt② ϕ−|∂D = ϕ ✐♠♣❧② t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ❤❛s ❧✐♠✐t ③❡r♦ ❛s
x ❛♣♣r♦❛❝❤❡s ∂D ❢r♦♠ D✳ ❙✐♥❝❡ E ✐s ♥♦t ❛ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ❢♦r ♦♣❡r❛t♦r
LV 0 ≡ −∆+ V
0 ✐♥ D t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞✿
ψ0(x, k) +
∫
∂D
(
R0(x, y, k)
∂ϕ+
∂νy
(y)−
∂R0
∂νy
(x, y, k)ϕ(y)
)
dy = 0, ✭✹✳✶✼✮
✇❤❡r❡ x ∈ D✳
❉❡✜♥❡
ψ(x) =


ϕ−(x), x ∈ Rd \D,
ϕ(x), x ∈ ∂D,
ϕ+(x), x ∈ D.
✭✹✳✶✽✮
■t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛s ✭✹✳✶✸✮✱ ✭✹✳✶✼✮ t♦❣❡t❤❡r ✇✐t❤ ❢♦r♠✉❧❛ ✭✹✳✶✷✮ t❤❛t ψ s❛t✲
✐s✜❡s ✭✸✳✶✾✮ ✐♥ Rd✳
❯s✐♥❣ ✭✷✳✶✼✮✱ ✭✷✳✷✵✮✱ ✭✷✳✷✷✮✱ ✭✸✳✶✾✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ψ ∈ C1(Rd,Mn(C))✳
❋r♦♠ ❢♦r♠✉❧❛s ✭✷✳✷✶✮✱ ✭✷✳✷✷✮ ✐t ❢♦❧❧♦✇s t❤❛t ❢✉♥❝t✐♦♥s r0(x, y, k)✱ ∂xjr
0(x, y, k)✱
j = 1✱ ✳ ✳ ✳ ✱ d✱ ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢♦r y ∈ D✱ x 6∈ D✱ dist(x, ∂D) > 1✳ ❚❤✐s
❢❛❝t t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ψ0(x, k) = eikxµ0(x, k)✱ µ0 ∈W 1,∞(Rd,Mn(C))
❛♥❞ ✇✐t❤ ❢♦r♠✉❧❛ ✭✸✳✶✾✮ ✐♠♣❧② t❤❛t ψ(x, k) = eikxµ(x, k) ✇✐t❤ µ ∈W 1,∞(Rd,Mn(C))✳
❚❤✉s✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐❢ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮ ❤❛s ❛ s♦❧✉t✐♦♥ ϕ ∈ C1,β(∂D,Mn(C))✱
t❤❡♥ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ ❤❛s ❛ s♦❧✉t✐♦♥ ψ(x, k) = eikxµ(x, k) ✇✐t❤ µ ∈W 1,∞(Rd,Mn(C))
❛♥❞ ψ|∂D = ϕ✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❛tt❡r ♣r♦♣❡rt② t❤❛t ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s t♦
✭✷✳✷✻✮ ❣✐✈❡ r✐s❡ t♦ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s t♦ ✭✸✳✶✾✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ψ′✱ ψ′′ ❛r❡ t✇♦
s♦❧✉t✐♦♥s t♦ ✭✸✳✶✾✮✱ t❤❡♥ ψ′|∂D = ψ
′′|∂D = ϕ✳ ■t ❢♦❧❧♦✇s t❤❛t ψ
′✱ ψ′′ ❛r❡ t✇♦
s♦❧✉t✐♦♥s t♦ ✭✹✳✶✮ ❛♥❞ ❤❡♥❝❡ ψ′|D = ψ
′′|D✳ ❋✐♥❛❧❧②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✾✮ t❤❛t
ψ′ = ψ′′✳
✷✳ ❘❡str✐❝t✐♥❣ ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ t♦ ❛ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮✳
▲❡t ψ(x, k) = eikxµ(x, k)✱ µ ∈ W 1,∞(Rd,Mn(C))✱ ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✾✮✳ ■t
❢♦❧❧♦✇s ❢r♦♠ ✐♥❝❧✉s✐♦♥ W 1,∞(Rd,Mn(C)) ⊂ C(R
d,Mn(C)) t❤❛t ϕ = ψ|∂D ✐s ❛
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ ∂D✳ ❘❡♣❡❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶′✱ ✇❡ ❝❛♥ s❡❡
t❤❛t ϕ ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✷✻✮✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t ϕ ∈ C2(∂D,Mn(C))✳
■t ❢♦❧❧♦✇s ❢r♦♠ ❢♦r♠✉❧❛ ✭✸✳✶✾✮ t❤❛t ψ ∈ C1(Rd,Mn(C))✳ ❙✐♥❝❡ A1✱ . . . ✱ Ad✱
V ❤❛✈❡ ❝♦♠♣❛❝t s✉♣♣♦rts ✐♥ D✱ ❢♦r♠✉❧❛ ✭✸✳✶✾✮ t♦❣❡t❤❡r ✇✐t❤ ❢♦r♠✉❧❛s ✭✷✳✷✵✮✱
✷✹
✭✷✳✷✷✮✱ ✭✷✳✷✶✮ ❛❧s♦ ✐♠♣❧② t❤❛t ψ ∈ C2(Rd \ D,Mn(C))✳ ❍❡♥❝❡ ϕ ❜❡❧♦♥❣s t♦
C2(∂D,Mn(C))✳
◆♦✇ ✐❢ ψ′ ❛♥❞ ψ′′ ❛r❡ t✇♦ s♦❧✉t✐♦♥s t♦ ✭✸✳✶✾✮ s✉❝❤ t❤❛t ψ′|∂D 6= ψ
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